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0 Introduction

The goal of QOC is to generate a pulse a(t) that minimizes some cost between
[$(T)) = U(T,0) [} (1)
where
—i (T
U(T,0) = Texp <h / it H(a(t),t)) @)
0

and [¢)) ., - This cost is typically defined to be the infidelity:

2

IAT))) =1 = [(AT)) gou (3)

The QOC optimization problem can then be defined as finding the pulse that minimizes the infidelity;
this is accomplished by discretizing the trajectory of |¢(t)) and a(t), with a time step At and solving
the following optimization problem:

apr_1 = argarlr};{ll £(ly(T)))

T-1 —
st () = [Lew (5 Hlant) ac) o)

1 Problem Formulation

Given a quantum system with a Hamiltonian of the form

H(a(t)> t) = Hyrigy + Z a’j (t)ngivc

j=1

we solve the constrained optimization problem

minimize
X117, U1:T—1

DN | =

T-1
> (a/ Raay + &/ Rady + v/ Raw,) + Q - €(4)
t=1

subject to  f(xy1,%x¢, 1) =0

1;[}71 = ¢fnit
U = hea if pin_first_gstate = true
falzalzdtalzo

faT:aT:dtaT:O

J J
‘at ’ < Thound

The state vector x; contains both the n (ngstates) quantum isomorphism states zﬁz (each of dimension
isodim = 2*ketdim) and the augmented control states [ a;, a;, and d;a; (the number of augmented state
vector is augdim). The action vector u; contains the second derivative of the control vector a;, which

haS dlmenSlOH ncont OIS. ThUS7 we ha.Ve.
/1;1

X = + and u, = (d7ay) (4)
[a
at
diay



In summary,

dim(x;) = nstates = nqstates * isodim + ncontrols * augdim
q g

dim(u¢) = ncontrols

Additionally the cost function ¢ can be chosen somewhat liberally, the default is currently

é(&v&goal) =1- ‘<w|wgoal>|2



2 Dynamics

Finally, f(x¢41,X¢, u;) describes the dynamics of all the variables in the system, where the controls’ dy-
namics are trivial and formally 1} satisfies a discretized version of the isomorphic Schréedinger equation:

W S a.

I will the use the notation G(H)(a(t),t) = (—iH)(a(t),t), to describe this operator (the Generator
of time translation), which acts on the isomorphic quantum state vectors

- Re
w = (ihn)

-1 1
G(H)z—(? 0>®HR9+ (0 ?)@Hlm

It can be shown that

where ® is the Kronecker product. We then have the linear isomorphism dynamics equation:

dy -
o = @) )y

where
G(a(t),t) = G(Harits) + Z o’ (1)G(H )
J
The implicit dynamics constraint function f can be decomposed as follows:
p(m (dtlﬂv QZtla a;)
fexou) = | PO, 97 a0)
Jaip — (Jar +a; - Aty)

a1 — (at + dtat . Att)
dagyr — (deag +uy - Aty)



2.1 Padé integrators
We define (and implement) just the m € {2,4} order Padé integrators P("):

o A _ A _
P, da) = (1= 5160 ) i - (1+ 5160 ) it
(Aty?
9

o A _
PO B = (1- 56t + S 6t it

At At)? -
— <I+ 7G(at) + ( 9) G(at)2> Py
Where again

G(at) - Gdrift + a; - Gdrive

with Garive = (Gliver - - - » GSive) | » Where ¢ = ncontrols



3 Differentiation

Our problem consists of Zg;, = (nstates + ncontrols) x T total variables, arranged into a vector

X1
u Z
7 = = (5)

X zZr

ur

Xt . ) . .
where z; = (ut> is referred to as a knot point and has dimension
t

Zgim = vardim = nstates + ncontrols.

Also, as of right now, ur is included in Z but is ignored in calculations.

3.1 Objective Gradient

Given the objective

n o R T-1
t=1

i=1
we arrive at the gradient

Owdim
R- up

Ol'dim

V2 (Z) = : (7)

where F = ((¢i, J’éoal)- V ;it" is currently not calculated by hand, but at compile time via Symbol-

ics.jl.
3.2 Dynamics Jacobian
Writing, f(z:,zi41) = f(i;é+1, 1&%, a;), we can arrange the dynamics constraints into a vector

f(Zl,ZQ) fl
F = s = : ®)

f(zr_1,27) fr_1
where we have defined f; = f(z;,2¢41).
The dynamics Jacobian matrix g—g then has dimensions
Faim X Zaim = (faim * (T — 1)) X (2dim - T)

This matrix has a block diagonal structure:



of  of
6z1 8z2

OF - 6.f; of,
a7 Oz 8zt+/1 (9)

0Z

ofr ofr
8zT —1 BZT

We just need the fgim X zdqim Jacobian matrices % and Bifjrl'

f; Jacobian expressions

With P{"™)" = PO™) (i1 i ay), we first have

op(mi op(mi
31[1} Oay
of, - :
Dz, _ra At (10)

I At

dc.— 1 ay
—Id YNT

where, ¢ = ncontrols, and the diagonal dots in the bottom right indicate that the number of —I,
blocks on the diagonal should equal augdim, which is set to 3 by default.



Lastly,

6Pi7n) ,1
81/’t1+1

of,

0741 apimn
8¢?+1

Ic'augdim

P{™)"" Jacobian expressions

For the 151 components, we have, for m = 2,

(2)i
P A
v __ (I + tG(at)>

oLy 2
P At
T 1= 56t
i 2
and, for m = 4,
5P<4)’i At At 2
E— = <I+ — G(ar) + (&) G(at)2>
by 2 9
(4),1 9
P A A
P -2l + B Gay
oy 2 9
Now, for the a; components, we have, for m = 2,
PPt At - -
8;j - TGflrive (wt—&-l + wt>
i
and, for m = 4,
oPW _Ap - - (A2 [ 3 3
8;% - TGJdrive (d)t-i_l + wf) + T{Gérive’ G(af)} (wt—‘,—l - 1/%)

where {A, B} = AB + BA is the anticommutator.

(14)

(15)

(16)

(17)



3.3 Hessian of the Lagrangian

The Lagrangian function is defined to be

L (o) = o - J(Z) + p-F(Z)

where p is a Zg;n-dimensional vector provided by the solver.
For the Hessian we have

V2% =0-V?J+ pu-V?F.
We will look at V2.J and pu - V2F separately.

Objective Hessian

With £1 = ((¢p5, 9% ), we have

Rl
V2J(Z) =

Q- Vi

where V2/¢ is again calculated using Symbolics.jl.

(18)

(20)



Dynamics Hessian

With p = (fi1, ..., dr), fde = (ut, ..., i), and using

—'~i i—1 '~ im 1 i1 im
B = (St i)
we have
T
BZPEWL)TL —*w~i
ogioal ) M
peVIE= | . (21)
n i 25 (4),i SN T a2 (m),i
S G 0 (W) af
P t 9akdal t dakoni,
with

Gérive’ Gﬁrive} (7/~Jti+1 - 7[’;) (22)

dakdal 9

P (A {

with, again, {A, B} = AB + BA, being the anticommutator.
since

v (Ay) =zl Ay = (ATa)Ty
For the mixed partials we have:

82~P§2)"i _ GNQPEQM‘ _ 7ng | 23)
a¢%aag a¢g+laag 2 drive

and

PP At (AL [ ;

Snioa] 2 Canive ™ g ({dee, Gaise} + 20 { Gl de}> (2
321:)7%4)#' — _HGJ + M {Gj G } +a {Gj G } (25)
6’(;2'4_160,{ - 2 drive 9 drive> Zdrift t drives “Fdrive

4 Minimum Time Problem

Once a solution has been found for a given time horizon, we can solve the time minimization problem
below, initialized with the given solution.

1 R 2

o . . e At - uTRLu 75 u —u

XT;?IEITZA ; t+ B ; + Ly Ut + 9 ; ( t+1 t)
Aty.r—1

subject to  f(x¢q1, %, ug, Aty) =0

nominal

XT = XT
For this problem we will define, with Z as defined before

Aty
. = (4
At = : and Z = (At)
Atp_y



4.1 Objective Gradient

Let’s write the objective function as

J=Jdar+ Ju+ Js

then
Vo — (VZJ) - (VzJu +Vst>
z VAtJ vAtJAt
where
0
Rs(u; — uy)
0 0
VZJ - Ruut b vZ‘]S - Rs(_utfl + 2ut _ ut+1) k)
0
R,(—ur—_s+ur_1)
and

VatJar =171

4.2 Dynamics Jacobian

We then have, with F defined as before (but taking the corresponding At;):

OF (8F aF)

0Z  \9Z OAt
where
of;
A
OF 9Ah
OAt ofr_,
OAtT_4
with
aPEn),i
of, 0At;
I :
—a,
_—
—w
and
aP(4)vi 1 WYAN i 1 2At i
8Attt = <—2G(at) + tG(at)2)7//t+1 - <2G(at) + 9 tG(at)2)¢t
1 i i 2At i i
= —§G(at)(¢t+1 "‘d’t) + 9 tG(at)2 <¢t+1 - z/}t>
o 1
TN _§G(at)(¢t+l + ¢t>

10

(29)

(31)

(33)

(34)



4.3 Hessian of the Lagrangian

As before we will first define the objective Hessian and then the dynamics Lagrangian Hessian

Objective Hessian

Decomposing as before, we have

V27— (v%Ju + Vi, Js > _ (V%Ju + Vg J; )
A Ve at O7r_1x7-1
where
0
Vadu = R.I (35)
and, showing the upper triangular structure of the Hessian,
0 0
R,I —Rs1
0 0
2RI —RsI
VZJs = 0 . (36)
2Rs1 —R,I
RI
Hessian of the Dynamics Lagrangian
Defining
Ly=p-F
we want to compute
Vi[f, = v2ZLf vZthﬁf
25 T \VEValy  VaLy
we have already computed VL + above, so we then have
0%,
Vadls=| i (37)
¢ DAL2
where
5P
91, OAt? 5 PP
i, - = i - . = e 38
M one T : M oA (38)
0
0
0
with

11



82P(4)»i 92 . .
B Sowr (i)

2 (2):i
o°Py 0
OAL?
We also have
%\
8Att8zt He
9%, \ ' 0f, ’
VAVzLy = ——— ) i (o)
At V2SS (aAttath) He (aAtmath fe
Pl
OAt1 1102442 pi
where
n.,'L T
82P§ )~ ,L_L"’LL
PINT
2, \ 'L :
3Att8zt e 0
2pmi\ -
_=fa t )’
He +; <3Att8at) He
_ﬁ?
— i
and
< e ) g
= Hg
o2, T OAL OV} 4
(8Atg9zt+1> He=
0
0
0
0
with
92p) 1 2At
“:—(G(at)—i- tG(at)2>
FoYAN s 2 9
R 1 2AL
e = S G(a) + Gl
OAL OV}, 4
and
82P(2)7i 82P(2)’i 1
L= L - G

IN TN

12

(42)

(43)

(46)



and for the jth column of

9P
OAt,0al

and

62P(n),i

t
Al o Ve have

1
2

P

At dal

1
2

e (Fha +0) + 222 s Cla0) } (B — 1)

Grive (JJiﬂ + 1%)

13



5 Unitary Implementation

5.1 Vectorized Isomorphic Unitary Padé Dynamics

We show later on that we can efficiently vectorize the Padé dynamics for the isomorphic representation of
the unitary, i.e. retain information about only the real and imaginary parts of the unitary. The resulting
dynamics expression is given by

—

P(fjt+1aﬁtaatvht) = B(ataht)ﬁH»l - F(at,ht)Ut~

Here
B(ay, hy) = (I, ® Iy) @ BRay, hy) + (Im® In) @ B'(ay, hy)
Fag, hy) = (I ® In) @ FR®(ay, hy) — (Im® In) @ F(ay, by),
along with
2 2 2
B (ag, hy) =1 — %Hl(at) + %((Hl(at)) — (H"(ar)) )
2
BI(at, ht) = %HR(at) — %{HR(at),HI(at)},
and
R he 1 h? I 2 R 2
FR(ag,he) = 1+ 5-H' () + == ((H'(@0)” = (B (a0)")
2
e he) = S H (o) + L™ @), B 2}

14



5.2 Derivation of the Dynamics
Isomorphic Vectorization

(CNXN

To store just the real and imaginary parts of complex-valued matrices A = AR 44A! € in a vector,

for numerical purposes, we define a projection matrix P e R2V*X4N? that will act on the vectorization
of the real-valued isomorphic representation A = iso(A) = I ® AR + Im ® AT € R2V>*2N a5 follows:

isovec ([l) = P vec(A)
=P vec([2 @ AR 4+ Im ®AI)
_ (vec(AR)
~ \vec(4l) )
Given projection matrices Pre = (IN 0) € RVX2N and Py, = (0 IN) € RV*2N we can write the

projection matrix P as

Py = (P3.Pre — Pl Pim) ® Pre,

or equivalently as

Py = (P, Pre + PioPim) @ Pim.

Both of these projectors produce identically correct results, i.e. Plvec(fl) = ngec(fl), so we will write
P; ~ P,. This is demonstrated as follows:

Pyvec(A) = ((PaePre — Py Pim) ® Pre) vec(A)
= (PgePRe ® PRe) vec(fl) — (PIITnle ® PRe) vec([l)
- vec(PReAPgePRe - PRe/lPJnPIm)

:Vec<<IN 0)(‘;1; ;ﬁl)( )(IN 0) - (In 0)(‘}5 fﬁl) (&)(0 IN))
—vec<(IN 0)(’311)(IN 0) — (In 0)<A§)(0 fN))

=vec(AR(Iy 0)+A'(0 Iy))
= vec((AR AY))
_ (vec(AR))
vec(Al) )
And also

ngec(fl) = ((PILPRe + PgePIm) ® PIm) vec([l)
(PiuPre ® Pim) vec(A) + (PRePim ® Prm) vec(A)
vec (PImAPgePIm n PImAPIInPRe)

Vec<(o IN)@? ;;};IX )(0 Iv) + (0 IN)@? ;ﬁl) (I‘L)(IN 0))
:Vec<0 IN< >0 In) + (0 IN)<;ARI)(IN 0)>
0 In)

VEC(AI( +AR(IN 0))

vec((AR Ah)
B (szi((il)))'

15



For later convenience let’s now look at the expression 151 <I2 N® fl)

Py (IQN ® A) ((PRePre — Py Prim) © Pre) (IQN ® A)

= (PRePre — Py Pim) © (PReA)

= (PRePre — Py Pim) ® (A% Pre — A'Pry)

= (PrePre = PnPim) ® (A%Pre) — (PrePre — PrinPim) @ (A" Pin)
= (Ion ® A®) ((PRePre — Py Pim) ® Pre) — (Ion ® A") ((PrePre —
=(L®IN® AR)P1 (I, ® In ® A") ((PRePre — PoPim) ® Pim)

= ( (Im® @Iy ® A") ((PaePre — P Pim) ® Pim)

= ( (Imely ® A)Im &Iy @ In)((PrePre — P Pim) ® Pim)
= ( (m eIy ® Al

(

/\/\

)£
)P
L®Iy® AR) 1 ) (¢
= ( )Pr+ (Im@Iy @ AY) (P, Pre + PRePim) ® Pim)
= (L®Iy® A% P + (Im®Iy ® A") P,
~ (L@ Iy ® A" + ImeIy ® A" Py
= AP,

Where we used

- AR _AI
— (4r )

= ARPRC - AIPIma

and

menari=(, ¥)(5)-(2) %

o=, )(2) () -5

We can then conclude that

P(IQN ® !1) ~ AP.

16

PILPIm) ® PIm)

(Im ®In)PaePre — (Im®IN) Py Pin) ® Pim)



Isomorphic Padé Dynamics

Our motivation here is to compute the unitary Padé dynamics on the isomorphic vector representation

-

of the unitary, U = isovec(U) = P vec(U) = P vec(iso(U)). We can write these dynamics As

[z, 2e41) = f(ﬁuat’hn §t+lvat+17ht+1)
= P(Trsr, Ur s h)
— isovec (P(ﬁm, U, a, ht))
ve (B(at,ht)UtH F(at,ht)ﬂ't)
( oy © Blay, ht))vec(ﬁt_H) - P(IQN ® F(ay, ht))vec<ﬁt)
— Bay, )P vec(ﬁm) — Fay, h)P Vec(ﬁt)

—

B(au ht>[7t+1 - F(at, ht)Ut

P ve

where

B(ay, hy) = I, ® BR(ay, hy) + Im @B (ay, hy),
F(ay, hy) = I, ® F®(ay, hy) — Im @F(ay, hy)

and

B(ay, hy) = (I ® Iy) @ BR(ay, hy) + (Im@1Iy) @ B'(ay, hy),
Fag, hy) = (I, ® In) @ FR®(ay, hy) — Im@1Iy) @ FY(ay, hy).

17



5.3 Derivatives
Jacobian

For the states we have

For the drives we have

if = —F and = - B
oU, U441
of _ 9By - 0Fz
dal  dal T dal '
R 3BI -
= ((Iz ®In)® + (Im®Iy)® > Uty1
al dal

F1>2

Uy

R

oF 15)
- (L®Iy)® Im®Iy) ® —
(( 2® In) aai ~ v) dal

where, writing 0 ; H = H;, we have
t

8BR h
R (AN B i)
t
h hi
;Hw({ﬂo,fﬂ} (s 1)+ Yo () - () |
= S (i)
(L
h h? ;
o (o g i) + ()
and
OFR  p h?
= H) - ({H H) - (™ H)
t
he . hi I R I 71 R R
= 5 Hj + - | {Ho H}} — {HG, Hj }—|—Zat {H},H}} - {HF HY)
OF' _hi x  hi oo o I R
Dl 5 Hj + o ({HY Hj + {H H'})
h h? :
g 2 () (o i+

For the timestep h; we have

of _ 9Bz oF &
oh;  Oh, Tt on,
OBR OB =
= ((12 RIN)® oh, + (Im®Iy) ® aht)Utﬂ
R aFI =
(Lol Im®I i
((2® N)® o — (Im® N)®8ht)Ut

18



where

oBY® 1 . 2n N2 R 2
on, — 27 +gr (e = )
OB' 1 _p 2h.p o
and

OF% 1 . 2n N2 R 2
oh 2l (GO CRY
OF' 1 _n  2hi( p .1
8—}“_511 +?{H JH'}

- T
So we then have, with z; = <[7t a; ht)
aztizt+1f = (8th 8Zt+1f) = (_F 8atf ahtf B 0 O)

Hessian of the Lagrangian

L=p"F(Z)=> ul fz,2001) = L
t

t

Ly= MtTf(Zt,ZtH)

ZtiZt41
0

P (aztct aztﬂaztct)
t = .

0 0,,0= L; 0p,0= L,
) 75, 75,
azt ACt = (‘ﬁtﬁt aht aat »C't
6f2bt£t

0

Zt4+1

0 0= 0a,L¢ 0= Op L4
Ut+1 Ut+1
0z, Ly = 0 0

0

0L _ 0 IL
daloU,  9ai 9U,
_ 0 AT
*@(*F )
N T
__(9F
Ba{ e

OFR FT
=—<(12®IN)® o _(Im®IN)®-> it

J
ay Oay

19



8L, _i oL
8@{86154_1 80% 8(7154_1
= — BTMt
507 (B 1)
N T
(0B
R oB! T
= ((12®IN)® ‘ +(Im®IN)®.> Lt
a; da]
82&. _ T 0% f,
daida] K 3a§8a{
9’B = 9%F =
-
e <8a§8a§ o datdal t)
82§ 2 pR 92B1
—— = (LR IN)® —— + (ImRIy) ® —
daida] (12 ® In) daidal (Im ®1n) daidal
82F 2 'R 92F!
—— = (LRIN)Q —— — (ImRXV]N) Q ———
daidal (12 ® In) daidal ( v) daidal
9?BR h?
= (gt gy _ R gR
8@%8&% 9 ({ l’HJ} {Hl ’HJ })
2B 2
—_ — _t({gR g + {H! O}
o = () (L)
and
82FR h2 . I
daida’ = ?t({HZ’HJ} - {HZR’H]R})
t0a%
O*F! h?
e (AN RTINS
100y
?L_ o o
onoU, M aU,
_ 9 T
= g (=T
N T
__[9F
~\on ) M
FR OF\
=—(([L®I — —_—
(( 2 ®IN)® ol (Im®Iy) ® aht) Lt

20



)

-

ondU . M ou,.,

oB: oB\ "
= <(I2 RIN)® + (Im®Iy) ® ('?h) L
t

82 Et o T 32 ft
Oheoal " Ohsoal

2B = PEF =
= ,UtT 7 Uig1 — 7 U,
OhiOa; OhiOa;

T 62BR 2pl =
= My ((IQ@IN)® +(Im®IN)® )Ut+1

Ohidai dhdal
92FR O2FL \ =
— (I ®INn)® - — (ImRVIn) ® - | U
(( 2® In) Oh.dal (Im&1y) 6ht8a§> t)
82BR _ 1 I 2ht I I R R
Ohda] —pHi+ g (L Hy} = {H )
2B1 1 2%
ol SH = =5t (™ Hy} + {H H] )
and
O?FR 1 2h
O?F! 1 2h
omoa =210+ g (WS H o+ ()
2L, - 0%,
a2~ Mt on2

T o2 BR 2B\ =

21



where

and
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