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1 Introduction and Examples

1.1 Lower bound of Ramsey numbers

Ramsey theorem claims that for any 2-colorings, and k£ a positive integer, there
always exists a chromatic sub-complete graph K, on some complete graph K,. We
denote the least number of n as R(s) or R(s, s).

We already know R(1)=1, R(2)=2, R(3)=6, and R(4)=18. However, R(4) is the
last one that’s known exactly! There’s a table of what’s known about small Ramsey
numbers on Wikipedia. Finding Ramsey numbers exactly is hard. It would still be
interesting to have bounds (upper and lower) for these numbers. It turns out that
the proof of Ramsey’s theorem gives some sort of upper bound, although not the
best possible. But here I'd like to talk about a proof of a lower bound. It’s not the
best known lower bound, because it’s quite old and has since been improved, but
it’s not bad (compared with what’s now known) and the proof is significant because
it illustrates a technique called the probabilistic method. This proof was first given
by Erdds in 1947 in this paper, and I think it’s very elegant.

Theorem 1.1. ([4]) The Ramsey number R(s) is bigger than 2~Y/2,

Let’s remind ourselves what we’re doing. We want a lower bound for the Ramsey
number R(s). That is, we want some n (ideally as large as possible) so that we can
somehow color the edges of K, using red and blue in such a way that we get no red
K and no blue K (just as above we saw an example of a coloring of K5 with no red
triangle and no blue triangle). We don’t actually need to see an example of such a
coloring, we just need to know that one exists. (This might seem like a slightly odd
idea the first time you come across it!) The method we’ll use will prove that such
a coloring exists, but will give us no information about how to find it. It is non-
constructive.

Here’s the idea (with details to follow afterwards). We'll pick a random coloring of
the edges of K,,. Then we’ll get an upper bound for the probability of a monochro-
matic K. We'll show that if we choose n carefully, we can make that probability
less than 1. If the probability is less than 1, then there must be some coloring with
no monochromatic K (because if every possible coloring of K, had at least one
monochromatic Ky, then the probability of a monochromatic Ky would be one).
And that will do nicely.

How do we pick a random coloring? We color each edge of K, red or blue, using
each color with probability 1/2. We color the edges independently.

What’s the probability that we get a monochromatic K7 It’s certainly at most the
sum of the probabilities that each K is monochromatic (using quite a crude bound).
We can find this by counting the total number of K,s in K, and multiplying by the
probability that an individual K is monochromatic.

How many Ks are there? If we pick any collection of s vertices from our K, there’s
exactly one K with those vertices. So the number of Ks is the number of ways to
choose s vertices from n, which is the binomial coefficient (Z)
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What’s the probability that a single K is monochromatic? The probability that a
single edge is red is % The graph K, has (;) edges, and since the probabilities for
different edges are independent we can multiply to see that the probability that K

is red is 27(;). Also, the probability that K is blue is 27(;), so the probability that

K is monochromatic is the sum of those, which is 217(;).

So the probability of a monochromatic K is at most (2)21_(;), and we want to choose
n as large as possible so that this is less than 1. We’ve basically done all the thinking
now — the rest is down to careful estimation! I'm not going to be very careful here,
so this isn’t the best possible bound that one can extract from this argument.

If we take n = [2"Y/2] (where the funny brackets mean we round down to the
nearest whole number — we take the integer part), what do we get? We use a crude
bound for the binomial coefficient; I'll let you convince yourself that it’s true. The
probability of a monochromatic Ky is at most

21—(3)@) <91~ ”_' <9=s(s=1)/298(=1)/2_ 1
S

so the probability is strictly less than 1, as we wanted. If you look at Erdés’s paper,
you'll see that he phrases this argument using counting rather probability. The
reason that it tends to be phrased probabilistically nowadays is that this language
allows one to use lots of other ideas from probability (such as expectation and
variance and so on).

1.2 Clique and coclique

Ramsey Theorem states that one will find monochromatic cliques in any edge col-
oring of a sufficiently large complete graph. To demonstrate the theorem for two
colours, there exists a least positive integer R(k,[) for which every blue-red edge
coloring of the complete graph on R(k,[) vertices contains a blue clique on k vertices
or a red clique on [ vertices.

Ramsey Numbers R(k,1).

We will use

e «(G) - maximal size of independent set (stable set, coclique,

BV IR ER);
e  w(G) - size of the maximal clique (H], T2 5 ARG TS 6.

HLZ NS [1 in which 1.5&1.6.2 pp. 7, 9-10] 53 Theorem of the week [5] PA K
Wikipedia fJ Clique problem ji]£%.
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1.3 Hadwiger Conjecture
SR T ) PETH ] DA 2 1 G o it PR T s el 4 i 45-31) . BRI G2 Elii A

Definition 1.2. (Graph Minor) A graph H = ([k], F) is a minor( T X,) of G if
V(G) contains k nonempty disjoint subsets Vi, ..., Vi such that:

1. the induced subgraph G[V;] is connected,

2. for every f={i,j} €F, there is an edge between V; and V; in G.
AT IR 4 e

Definition 1.3. (Minor) An undirected graph H is called a minor of the graph
G if H can be obtained from G by a sequence of the following operations:

1. deleting a vertex,
2. deleting an edge,

3. contracting an edge. (F1IL45 )

Definition 1.4. The contraction clique number (Hadwiger number) of G, denoted
ccl(G), is the mazimum k for which Ky is minor of G.

Conjecture 1.5. (Hadwiger Conjecture, 1943) For each graph G, the chromatic
number x(G) < ccl(G).

Notes.
e k=2 is true.
e k=3 is true.
e k=4 was proven by Hadwiger.
e k=5 equivalent to the four-color theorem. (Wagner, 1937).
e k=6 (Robertson, Seymour, Thomas, [7])
e k >T7 still open.

What if we give up on answering the question for all graphs, and weaken it to a
probabilistic statement: does Hadwiger’s conjecture hold for almost every graph?
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Proof.

1. ccl(G) > N

2. x(G) <"

— logan

G =G UG, in every G; every edge is included with probability p, 1/2=(1— p)?,
p>1/4.

We look for a path by choosing v1 (arb.) and as long as i <n /2, find a neighbour
of v; outside of {vy,...v;_1}.

Details omitted. (cf. pp. 12-13, [7])



2 Basic Models of Random Graphs

2.1 Basic models

We denote [n]={1,2,---,n}.

Erdos-Renyi Model is model which given fixed n vertices, and independent proba-
bilities p for all edges. There are two ER models, namely, G(n,p) and G(n,m).

Definition 2.1. (binomial random graph) (G(n,p)) probabilistic space over
graph, V =[n], for each pair 1<i<j<n,

Pri{i,j} € El=p=p(n)
independently of all other edges.
Equivalent to Pr[G]=p*© (1 - p)(g)—@(G)_

Example 2.2. Kidney exchange graph
25 FE )2 vertex, donor and recipient. (32482 FIERRE M A— 1 210K.)

Remark 2.3. If p=0.5, all graphs are equiprobable.

Definition 2.4. (uniform random graph, G(n,m)) The sample space: Q={G =
(V,E)|V =[nl],|E|=m}, p is the uniform distribution.

dcm,p)(v) ~Bin(n—1,p) degree of vertices.

Intuitively, we expect m = EG (n, p)=(7,) - p, then somehow G (n,p) and G (m,n)
will be alike.

WL TS — DS R B L, AT ] 2 A2 2 1) =
WA R ER
Definition 2.5. (Random Graph process) Denote (1)=:N. Pick a permutation

o= (o1, on) over the edges of K,. Defined Gy=([n],{e1,...,ei}), 0<t< N and
Go=([n],0). Then G =G(0)=(Gy)Ny is a random graph process.



Exercise 2.1. Let G =(G) be a r.g.p.. Then G;~G (n,m=t).
Proof cf. Prop. 12 in [1, 1.2&1.7].

2.2 Staged exposure

Proposition 2.6. (Staged exposure in G(n,p)) Suppose 0<p<1, and 0<
Ply- s P <1, such that 1 —p= Hle (1—pi). Then, G (n,p)= Ule G (n, pi).

Proof. G~ G (n,p). Every edge appears independently in both models.

PruGn,p) et G]= Hle (I1—p)=1—p.

2.3 Monotonicity
Definition 2.7. A graph property is a class of graphs closed under isomorphism.

Definition 2.8. A graph property P is called monotone (increasing) if V[G] =
VI[H] and

GeP,GCH=— HEP.

Remark 2.9. Connectivity and Hamiltonicity are monotone increasing.

Proposition 2.10. ([1], 1.15) Let P be a monotone increasing property, 0 < p; <
p2<1, 0§m1§m2§(g)' then

(1) Pr[G (n,p1) € P]<Pr[G (n,ps) € P]
(2) Pr[G (n,m,) € P]<Pr[G(n,ms) € P]

Proof. Easy to start with the second case.

(II) Consider R.G.P G=(G,) and Gy, ~ G (n,m1), Gy~ G (n,ms), then event "G (n,
my) has P" is actually a subset of the event "G (n,msg) has P". (Using exercise)
—Pr[G (n,m) € P]<Pr[G (n,ms) € P].

(A coupling argument)

(I) Take G1~G (n, p1), Go~G (n,p2) and Gy~ G (n, pg) where (1 —p;) (1 — pg) =
1—=pa (0<po<1).

Then we have G (n, p2) =G (n, p1) UG (n, po).
Then Pr[Gohas P]=Pr[Gihas P]+ Pr[GoUG; has P|G; ¢ pl.
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2.4 Asymptotic relation between G (n,p) and G (n,m)
= we expect G(n,p) to be closed to G(n,m) when p(;‘) =m.

= set m :p(;‘), intuitively we have

Pr [G (n,m)has m edges| =1

Pr[G (n, p)has m edges| =

since the number of edges in G (n, p) ~ Bin((}), p).

Lemma 2.11. (Prop 1.29, [1]) Let A be a graph property, let p=p(n) be a
sequence of real number with 0 < p(n) <1 Finally, 0 <a <1. If for all m = (;‘)p+

O(/(5)p(1=p)),
lim, o Pr[G (n,m) € Al=a. Then also

lim Pr[G (n,p) € A] =a.

Example. A connectivity, p(n) = 10%.

Proof. By the law of total probability. choose large enough ¢ > 0.

Let M={0<m <()[lm—(D)pl<ey/(2)p(1—p)},

Then by Chebyshev’s inequality, we have
Pr [# edges in G (n, p) ¢ M] gé
Let m, = argmin,, Pr [G (n,m) € A].
and m* = argmax,, Pr [G (n,m) € A] (arg max FUSHR KIEMEE)
(3)
Pr|G(n,p)e A] = Pr[G (n,m)has A] Pr[|G (n, p)|=m)|
m=0

> Z Pr[G (n,m) € A] Pr|[G (n, p)has m edges]
meM

> Z Pr[G (n,m.) € A]Pr[G (n, p)has m edges]
meM

= Pr[G(n,m.) €A Z Pr[G (n, p)has m edges]

meM
> (1 _é) Pr[G (n,m.) € A]
= liminfPr[G (n,p) € Al >a(1— %)
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We've seen liminfPr [G (n,p) € A]| >a (1 — é)

We need to give a matching upper bound.

Pr|G(n,p)e A] = Z (n, p)has m edges| Pr [G (n,m) has A|
< : 2+ Z Pr G (n, p)has m edges| Pr [G (n, m) has A]
< ¢ 2+ gf[]é(n, m*) has A].
Hence,
limsup Pr [G (n,p) € A] <a+c2
Together, we get that lim Pr [G (n, p) € A] =a. O

Question 1. Can we conclude from G (n,p) to G (n,m)?

For the direction G (n, p) — G (n,m), we have to be a bit more careful. We need
monotonicity; consider the counterexample of A being the property of having exactly
m edges.

Lemma 2.12. (cf. [1] Prop 1.30.) Let A be a monotone graph property. Assume
0<m=m(n) <N =(}) (where N potential edges). Assume that for every sequence

p(n) such that
-m m (N —m)
p—N“)( T)

limPr[G (n,pe A)] =

We have if

then im Pr [G (n,m) € A] =a.

Proof omitted.

10



3 Evolution of Random Graphs

Remark. Section 3.1-3.3 is based on [2] chapter 2.

3.1 Subcritical phase

Around p=1/n, G(n, p) changes a lot.

Proposition 3.1. (thm 2.1 [2]) Ifp=o0(1/n) (resp. m=o0(1)), then (asymptotic
almost surely) a.a.s. G(n,p) is a forest.

Proof. Let X be the number of cycles in G(n, p).
_ ~ (n (k=1 &
ElXl = ;; ()"

b (k—-1)! 1
g - -
; k! 2 nkwk

pn—0<=p=o(1/n) iff p=—— with w(n) — oco.

nw(n)

Note that Y o — <> < — (1+o0(1)).

2k whk —

By Markov’s inequality, Pr[X >1] < @: o(1) O

HIC. BB PRSI, TR 2 AN IR A

Proposition 3.2. (thm 2.2 [2]) If p=o0o(n~15) (resp. m=o0(n""%)) then a.a.s.
G(n,p) is a collection of isolated vertices and edges.

(B2 AT DT s RIS Y 2R )
Proof. Let X be the number of path of length 2 in G(n, p).

B[X]=(1)3p*="0"002 2 — p(n? - 2 15) = o(1),

By Markov’s inequality a.s.s. G(n,p) has no paths of length 2. 0

The first moment method:

Xy, is a sequence of r.v., suppose (X,,) € BU{0} then If F[X,]=0(1), Pr[X,=0]—1.

11



Lemma 3.3. (First moment method) Let X be a non-negative integer valued
random variable. Then

Pr[X > 0] < E[X].

Proposition 3.4. (thm 2.3 [2]) If p=w(n~1%) (little w notation), then a.a.s. G(n,
p) contains a path of length 2.

k

Lemma 3.5. (thm 2.5, [2]) Fiz k>3, if p=o(n *1), then a.a.s. G(n,p) contains
no tree with k vertices.

Proof. Let p:ﬁ where w(n) — oo arbitrary slowly. Let X be the numbers

of trees with k vertices.

E[X]= (Z)kk—Zpk—l <nk k’;TQ Prl=cpnfph—l=cp - w *+D = o(1).

Note that k=2 is the number of labelled (HiFRICHIF) trees on k vertices, Cayley’s
formula. (cf. Proofs of the book.) O

Theorem 3.6. (lemma 2.10, [2]) Ifp g%—# where w— 0o0. Then a.a.s. every

(connected) component in G(n, p) contains at most one cycle.

Proof. w.t.s. there are no connected components with two cycles. If there is such
a conn. components, then there are three possible forms:

case 3.
case 2.

Figure 3.1. Three possible forms

And we can think of it has a path with two additional edges from the endpoints.

The number of connected component with two edges on k vertices is <k!- k2.

12
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If X counts such components:

E[X] < i (Z)kﬂk! 1

k=4

< X e - g
< Z kQ 1/3 k+1 %
< /Om%gexp( Li73)dx—f3—o(1).

Note that 1 — 2 <e™ 2. O

We have already seen following results.

Subcritical Phase: G(n,p==), c<1.

p=o0(n"3/?): no V, at most — shapes;
k

p=o(n *1): no trees with k vertices.

k
p*=mn *1 is a threshold function for the appearance of trees with k vertices.

(Critical Point)

Remark 3.7. p* is a threshold ([#{H) for monotone property A if
p>p = G(n,p) €A, aas.
pLp*=G(n,p)¢ A, a.as.

Lemma 3.8. (lemma 2.10, [2]) Ifp g%—%, w— 00 a.a.s. there are no
components with two cycles.

Lemma 3.9. (lemma 2.11, [2]) If p=—, with c# 1. Then a.a.s. the number of
vertices in unicyclic (%18, RHF —AB ) components is O(w) for any w— co.

(for w— oo as slowly as you like)

Remark 3.10. the result is equivalent to there are some constant M(c), such that
# bounded by M(c).

Proof. X} is the number of vertices in unicyclic components with k vertices.

EX.< (Z)kk_g(@kpk (1 _ p)k(n—k)"'(g)_k_

13
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ke 7k(k’—1) k —k2 k —k kn— kY _ k
Recall (7)<77e 2 and k!g(é)k (1—p)™" () =(1-p)" (2)=2k
Then
ko k-1 _ ck(k—1) | ck
E[X\] < fre = B (o/mphe o
k o _
< e—eik(énl) kk+1 Ck eick+k(2n i +c/2
~X
k;k

ek
- = ol (k) ok —ck /2

N

k (C 61fc)l~c 6c/2(1+0(1))

E[Z X’f] < k(e e (140(1) = O(1).
k=3 k=3
By Markov’s inequality, when w — o0,

- 1
P —O(=
r[z Xy > w] O(w)—>0 O
k=3
Lemma 3.11. (lemma 2.12, [2]) Let p=c/n with c# 1 constant, a=c—1—logc,

w(n) — oo and w=o0(loglogn).

1. a.a.s. there is a isolated tree of size &(logn —glog logn) —w.

2. a.a.s. there is no isolated tree of size at least é(logn —%log logn)+w

AR BB w WAl REAFAE ] BEANAFAE.

Then we have following theorem by last 3 lemmas,

Theorem 3.12. (lemma 2.9, [2]) [fm:%cn, where 0 <c<1 is a constant, then
a.a.s. the order of the largest component of a random graph G(n,m) is O(log(n)).

3.2 Supercritical phase

Theorem 3.13. (cf. thm 2.14, [2]) Ifp=c/n,c>1, then a.s.s. (w.h.p.) G(n,
p) consists of a unique giant component, with (1 —%+0(1)) n vertices and (1 —
:—24—0(1))% edges. Here 0 <x <1 is the solution of the equation ve *=ce™°. The

remaining components are of order at most O(logn).

Proof. cf. pp. 34-37, thm 2.14 [2]. O

14



Structure of the supercritical giant component is given by the following the-
orem.

Theorem 3.14. (Ding, Lubetzky, Peres, thm1, [8]) ¢, - the largest component
in Gn,p=X/n), A\>1. Let u<1is s.t. pe *=ce °.

c1 18 contiguous( R PAT F #) ) to the following:

1. A~N(XA—p, %), D, ~ Poisson(A) for u € [n] be i.i.d. conditioned on
>, D,>3Du being even. Ny = HulDy=k}|, N=3", o, Ny Select a random

multigraph K on N wertices, uniformly over all multigraphs with Ny ver-
tices of degree k (k>3 ).

2. Replace each edge of KC by a path of Geo(l— p) length, i.i.d.

3. Attach to each vertexr an independent Poisson(u) Galton Watson tree.

That is: P (C’~1 € A)—0,n— oo implies Pr (C} € A) — 0,n— oo for any graph property
A.

3.3 Thresholds and second moment method

This section is based on [2] Sec 5.1.

3.3.1 Threshold

Definition 3.15. (Threshold) A function p*(n) is a threshold for a monotone
graph property A is

1. p=o(p*)=Pr[G(n,p) € Al =0(1)

2. p=w(p*)=Pr[G(n,p)€ A]=1-0(1)

Example 3.16. p=1/n is a threshold function for having a component with at least
2 cycles.

e p<1/n all components are unicyclic a.a.s..

e p>1/n ass there is a component with more than one cycle.

Definition 3.17. Let A be a monotone increasing graph property. For 0 <a <1.
Po:=min {0 < p<1|Pr[G(n,p) € A| >a}.

Definition 3.18. (sharp threshold) A has a sharp threshold if for every constant
P1—e— DPe

€ >0, consider the gap o
1/2

=o0(1). Otherwise, it’s a coarse threshold.

15



EXample 3.]_9. If p:w then a.a.s. G(n’p) is COIlIleCted. lf p: lnn_w(n)
then a.a.s. there are isolated vertices.

Note that p.>

Inb—1Inlnn

, then

1-e—pPe 2Inlnn Inn
PP /= =o(1).
P12 n n
Then we get a sharp threshold.

3.3.2 The second moment method

(cf. Section 21.1 in [2] or cf. [9])

Proposition 3.20. X is non-negative and integer value. If Var [z] =o(E*X]),
then Pr(X >1]=1-o0(1).

2

Proof. Pr[X =0]<Pr [|X—E[X]ZE[X]]§%:0(1). O

If X= Zle X, is a sum of indicator RV.
k
Var[X]| = Z Var[X;] + Z Cov(X;, Xj;)
i=1 1<i#j<k

Note that Var[X;|=p(1 — p) < p= F[X;], then we have

Var[X]<E[X]+ ) Cov(X, X))

1<i#j<k

Write i~ j (adjacent) if X; and X; are not independent, and i j if X;, X; are
independent.

Denote

A:Z Pr(X;=1and X;=1]

i~g

Recall that

Var[X] < E[X]+)  Cov(X;, X))

i~ ]

< EX]+)  E[XiX]]

= E[X]+A.

16



Example 3.21. (threshold for K,) X counts copies of K4in G(n,p).

EX= (Z)pG:@ (ntp%).

intuition: £X =1, then we need n*p®=1ie. p=n=2/3

Claim: p=n"%/% is a threshold function for the appearance of K.

Proof. X =3 X, where X is an indicator for G[s] = Kj.

s<w,|s|=4

Bx) =By X) =3 Bl = (1)~ o

if p<n™?3 E[X]=o0(1) by Markov’s inequality a.a.s. X =0.
The positive part: p(n) =w(n=2/3). E[X]=0 (n"p) =w(1).

Var[X] < E[X]+ A

X, and X, are dependent iff 2 < |s1 M sy < 3, the following picture shows those two
cases of dependency.

<

Figure 3.2. two acceptable cases

s1 s2Z /AN L [A] T A5

A= > PriX,=land X,,=1]

2<|s1Ns2|<3
[s1|=|s2|=4,s1,59<v

Then number of pairs s1, so s.t. [$1 M $2| =2, (Z)(g)(";ﬂ =0O(n"). the probability
Pr[X;, = X, = 1] = p*! for all such pairs.
If |51 M 82| = 3, then the number of pairs is (7)(5)(" ] *)=©(n?),

Pr(X;,=1AX,,=1]=p°

17



Hence, Var[X] < E[X]+ A =0 (n*p°®) + O(n p'* + n° p°) = o( K?[X])

by the second moment method,

Pr(X >1]=1-o0(1).

Example 3.22. (Kite graph) X% 54T 740, E[X] = (2)})7, pr=n""TNg?
take p=n""""logn a.a.s. no copy of kite in G(n, p), since ass there is no copy of K
E[X]=(7)p° hence if p=n~5/7, then E(X)=o0(1) ass there is no copy of K4.

the expected degree is (n —1) p~ n?/7,

A o WA R 2 41

How to determine a certain subgraph appear ass? We will first define the inherited
density.

3.3.3 Density of graphs and threshold

The density of a graph H, is defined by d(H) = Zg;

Definition 3.23. The inherited density of a graph H is
m(H)=max {d(Ho)|HoC H,v(Hy) > 0}.

If H itself is the densest subgraph of it, we call H a balanced graph. If H is denser
than all proper subgraph then it is strictly balanced graph.

Example 3.24. ¥ FIARERIHEY, m(H) = e(Ka) :g: 3/2.

v(Ka)

Theorem 3.25. (Bollobas, ’81, cf. [2] thm 5.3) Let H be a fized graph,
e(H)>0. The threshold function for the appearance of H as a subgraph of G(n, p)
is p(n) =n~Y™H) e,

0 if p=o(n~t/mH)

lim Pr[H CG(n, p)] :{ | i p=w(n-Y/mD)

n—oo

Proof. Cf. pp. 74-75 and Proof of thm 5.2 in [2]. O
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Remark 3.26. The probability of not having a copy of H in G(n,p>>n"1/™H) is
bounded by

exp (_Tlp @(H)) < e—c@(H),

Question 2. (Shamir & Schmult conjecture) Every vertex is in a copy of H?
(BT R RS HTE H AR T IN?)
o JKV (2008)

e Fractional versions etc. (Simi)

3.4 Exercises

Exercise 3.1. (cf. [2] Lemma 21.4, 21.5) Let X be an integral non-negative random
variable. Show:

a)
e BIXA
Pr[X =0 gm—l,

b)
Pr{X —0]<1— (EE[Q]Q

¢) Which bound is stronger?
Proof. (a) Note that {X =0} C{|X — EX| > E X}, then by Chebyshev’s inequality,

Pr(X=0]<Pr[|X - EX|>EX]< \(/gr)(();) - (EE[);]2 -

1.

(b) Note that X = X Ix >, where Ix~¢ is the indicator of X > 0. This is true since if X =0
then both sides are 0, while if X >0 then both sides are X. By Cauchy-Schwarz inequality,

EX=E(XIxs0)</EX? E(IZ50) = VE[X? E(Ix>0).

Rearranging this and using the fundamental bridge, we have

Pr[X > 0] = E(Ix=0) > (EE[Q]Q
Hence,
Pr [X = 0] 31(5[—))2]2.

(¢) The inequality in (b) is stronger than the one in (a). Recall that the RHS of the inequality
\g,r—)(())(z), while the the one in (b) is YarX) " On the other hand, Var(X) >0 because of

in (a) is BT
the non-negativity of X, and then

Var(X) = E[X?] — (EX)?>0,

19



ie. E[X? > (EX)2 Hence we have

Var(X) <Var(X)
E[X? — (EX)%’

which means (b) is stronger than (a). O

Exercise 3.2. (cf [2] Thm 1.12) Let G = (G,,)31 be a random graph process. Show that
a.a.s. triangles appear in G before it becomes connected.

Proof. Note that having a triangle and being connected are both monotone increasing graph
properties, and we can conclude from G(n, p) to G(n,m). To prove that a.a.s. triangles appear
before it becomes connected, it is enough to show that the thresholds of those properties satisfy
pr < p& (p&, pr are thresholds of having a triangle and connectivity respectively). We would
like to use Erdés—Rényi’s famous result for the threshold of connectivity that p&(n) :an is a
sharp threshold for the connectedness of G(n, p).

For the property of having a triangle, we claim its threshold is p%(n) = =. Recall that if

p=o(1/n), then a.a.s. G(n,p) is a forest, hence there is no triangles (by Markov s inequality).
The only thing we need to show is that if np— oo, then a.a.s. G(n,p) contains at least one
triangle.

Assume that np=w(n), where w(n) — oo as slowly as possible. Let X be the number of
triangles in G(n, p). Then

3

E[X]= ( )p?’Z%(l — (1)) = oo.

3

For simplicity, we denote N = (g) Let T3, ...,Ty denote all triangles. Then we can calculate
the following

N
E[X%)=Y" Pr[T,Ti€G(n,p)]
. N

ZPr[TGGn p) ZPr [T; € G(n, p)|T; € G(n, p)]

i=1 j=1
N
=NPr[[i€G(n,p)] > Pr[T;€G(n,p)|Ti €G(n,p)]
Jj=1
N
=E[X]- ) Pr[Tj€G(n,p)|Ti € G(n,p)]
j=1

= [X]~<1+ Z Pr(T; € G(n,p)|Ti € G(n,p)] +

T1,Tjshare 1 edges

Pr[T; € G(n, p)|Ti € G(n, p)]
T1,Tjshare 0 edges

o (a1 (75 (5 )

<B[X]- ( +3i+ E[X])
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From above exercise 3.1(a), we have

g By _EXO+E) a4
PriX=0]< B7[X] s E2[X] 7%3(1_0(1))7 "

Hence, a.a.s. G(n,p) contains at least one triangle. To sum up, we conclude that a.a.s. triangles
appear in G before it becomes connected since the thresholds satisfy pT < pé&. O

Exercise 3.3. (cf. [10] Solution 1.2) Let £ >0 be constant. Show that a.a.s. G(n,m=
(1+¢)n) is not planar.

Proof. Let denote n,e, f the number of vertices, edges and faces of a planar graph, by Euler’s
formula, we have n —e+ f > 2. If a graph G has girth at least k£ then f < 2—]: and therefore

e<E (n—2)< ¥ _.n. Choose k:=22< Then we have
k—2 k—2 €

|E(G)|=eg(1+§)n (1)

Let G(n,m) with m > (14 ¢€)n and N;, N<; denote the number of cycles of length ¢ and at
most 4 respectively in G(n, m). We call a cycle is short if it has length at most k. We claim
the expected number of short cycles is bounded by a constant which doesn’t depend on n.

Claim. E[N<;] <c where ¢ does not depend on n.

Proof of the claim. Suppose X;, j,. ... Jij be the indicator variable for the event that the cycle
i1,42,...,%; appears in G. For every j <k, we have

E[]Vj]:.z E[Xil,...,ij]Snj<%>j§(%)j2j§(2+26)j(n7_ll>j

2
<(2+2¢)ierT<(2e+2e€)d.

Hence N<j <k (2e+2ee)r. Setting c:=k (2e+2ee)* proves the claim.

Let ¢ be as above, then by Markov’s inequality, we have

E[Ngk] c

< =o(1).
logn — o(1)

> <
Pr [N<j >logn] < Togn

So a.a.s. G contains at most logn short cycles. We remove one edge per short cycle and let
G’ denote the resulting graph. Hence a.a.s. G’ contains at least

m—lognz(1+e)n—logn2(1+%)n (2)

edges.

Note that the girth of G’ is at least k. If G is planar then by inequality (1), [E(G")| < (1+5)n.
But a.a.s. G’ has more edges (as shown in (2)) and thus cannot be planar. This means that
a.a.s G is non-planar as well. O

Exercise 3.4. (cf. [10] Solution 1.4) Prove that asymptotically almost surely:

a(G(n,1/2))=w(G(n,1/2))=(1—-0(1))2logan.

21



Proof. Because the probability of having an edge or non-edge are equal, so we just need to
prove one of statements. Let us consider the statement for clique number.

Let X denote the number of cliques of size k in G(n,1/2). Then

eux ()

The second moment of X is
k k 1
s ()R ok o) (5)
sbe=y (1)()(R=r )2
and the remaining term of the variance is given by
k k
9 n k n—k _2( 2 >
ey (1))
By the second moment method (cf. exercise 3.1(a)),

k

Pr[|X—E[X]|ZE[XH§Var(X) _ Zf_Q( Z )( f )( Z:f )22( 2)(2(;)—1)
i

)G

i

<

k - k

E[X] ( " )2_( 2 )g (%>k25+§<—6"2_k/2‘/§>k< <6ﬁ>k0(1)

On the other hand, we could set for example k= [2logan — 2logs2logan], and then

) —k/2 k k
E[X]Z(%)kQ_k /2+k/2:<n2 - ﬁ) Z( 2v/2logan ) >V2F s00. O

2logon — 2logs2 logan

Exercise 3.5. (cf. [2] Thm 1.7) Let A be a monotone increasing graph property, s.t. the
empty graph does not have A and the complete graph has A.

a) Show that there exists p* such that Pr[G(n,p*)€ A]=1/2.

b) Use staged exposure to prove Pr[G(n, kp) ¢ A] < (Pr[G(n,p) ¢ A])*.

¢) Let w be a function tending to infinity and w=o(n). Deduce that

lim Pr[G(n,wp*) € A]=1, lLmPr[G(n,p*/w)e Al=0

and hence p* is a threshold function for A.
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Proof. Suppose A be a monotone increasing graph property, s.t. the empty graph does not
have A and the complete graph has A.

(a) Note that

Pr[G(n,p) € Al= Z PIE@I(1 _p)(g)*lE(G)l
GeA

This is a polynomial in p. Since A is monotone increasing, so that increasing p increases the
likelihood that G(n, p) € A, i.e. the probability Pr [G(n, p) € A] increases from 0 to 1. Then
for every given 0 < e <1 we define p(e) by Pr[G(n, p(e)) € A] =€, and p(e) exists because of
above monotone property of Pr[G(n, p) € A]. In particular, we set e=1/2, then there exists
p*=p(1/2) such that Pr[G(n,p*) € A]=1/2.

(b) Let G1,..., Gy be independent random graphs of G(n, p). Then the union graph Ur_,G; is
distributed as G(n,1 — (1 — p)*). Recall 1 — (1 — p)* <kp, and by the coupling argument, we
have G(n,1— (1 —p)*) CG(n, kp), which means that G(n,kp) ¢ A implies UX_,G; ¢ A. Hence

Pr[G(n,kp) ¢ AJ<Pr[G(n,1—(1-p)*) ¢ Al = (Pr[G(n,p) ¢ A])".

(¢) Now we will show p*=p(1/2) is a threshold for A. Let w be a function tending to infinity
with w=o0(n). Setting k=w, we get

Pr{Gln,wp) £ 4] < (PriG(n ) £ 4D = (5 )=o)
limPr [G(n,wp*) € A]=1.

On the other hand for p=p*/w,

S=Pr(G(n,p) ¢ A1 < (Pr[G(n, p* /) ¢ A])*.
So
Pr[Gn, p* fw) ¢ A] > (1/2)Y/% =1 o(1),

limPr[G(n, p*/w) € A]=0. O
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4 Long Paths and Hamilton cycles

Note 4.1. This section is almost based on [1| Section 3. One can also refer to [2]
Section 6.2, 6.3. An alternative reference is [11].

A trail is a walk in which all edges are distinct. A path is a trail in which all vertices
(and therefore also all edges) are distinct.

Theorem 4.2. (Ajtai, Komlés, Szemeral, 1981 ) There is a function a(c):
(1,00) = (0,1), such that lim.,occx(c) =1. A random graph G(n,p==) a.a.s. has
a path of size at least a(c) - n.

Recall that a path is Hamilton, if its length is n — 1. A cycle is Hamilton if its length
is n. A graph G is Hamiltonian if it contains a Hamilton cycle.

Definition 4.3. Let G=(V,F) and e={u,v} ¢ E. If adding e to E results in a
graph G'=G +e s.t. ((G')>L(G), orif G' is Hamiltonian, then e is called a booster.

Remark 4.4. If G is Hamiltonian, then every e ¢ F is a booster. Adding n boosters
results in a Hamiltonian graph. (3 flin{kboosteryif— & 15 2| 5 %51 14 .)

Proposition 4.5. G is a connected graph, P = (vg,v1,...,v,) is a longest path in
G. If {vo,v} ¢ E, then it is a booster.

Proof. Let G’ be the graph G by adding the edge {vg, v,}. If G’ contains the cycle
C' is Hamiltonian, then we’ve done. If not, we could find a longer path in G'. In fact,
there exists w € V,w ¢ P. From connectivity, w is connected to C, say by wy, ...,
wg =v; € C'. Consider the path

Wiy ooy W =04y, Vi4+1y--.,U,00y...,V; 1.

It contains all vertices of P and w ¢ P. Hence we have a longer path. So {vo.ve} is
a booster. O]

4.1 Rotation
This Algorithm is given by Posa in 1976.

We want to prove the following result:

Proposition 4.6. G(n,p:C’lO%) 15 a.a.s. Hamaltonian for larger enough constant

C.

Algorithm 4.1

1. Assume P = (vg, vy, ...,v,) is a longest path. (N @KL HK)

2. For every edge e € F containing vy, the other endpoint is on p, otherwise we
can extend. If e=(vy,v;) with 1 <7 <[ —2, then we can rotate p at v; by adding
the edge e (to p) and remove (v;, v;4+1) (from p). new path p’= (vg, vy ..., v;_1,
Ve, Vp—1, ... ,/UiJrl).
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Definition 4.7. For a set of vertices U, N(U), the external neighborhood of U, s.t.

NU)={veV\U|FueU,{u,v} € E}.

P is a path, R C P. Denote R~ ={v;|v;+1 € R} and RT ={v;|v;_1 € R}.
Remark. |R7|<|R| and |R*| <|R|. If vy;€ R, then |RT|=|R|—1.

Lemma 4.8. (Rosa) G is a graph. P a longest path. Let R be the set of endpoints
of paths obtained from p by a sequences of rotations. Then N(R) C R~ UR™.

Proof. take any ve R, u € V(G)\ (RUR™UR"). We want to show {v,u} ¢ E.

If u¢ V(P). Consider @, a path obtained from P by a sequence of rotations and @’s
endpoint is v. If {u,v} € E, we could have extend @, contradicting the maximality

of P.

fueV(P). lffueV(G)\(RUR URT), then u has the exact same neighbourhoods
in every path p’ obtained from p by sequences of rotations. Because when rotating at
v; only vy, v;41 and v, change their neighbors, but v,€ R, v;;1 € R, and v;€ R-UR™.
If {u,v} € F then we can rotate at u, and a neighbor of u in Q, w, becomes an
endpoint. But then since w was a neighbor of uin P, u€ R~ UR™. O

4.2 Expansion

Definition 4.9. (expander) k€ N, ¢t >0 a real number. G is called a (k,t)-
expander if for any set U, |U| <k,

IN(U)| >t|U].
Proposition 4.10. Let G be a (k,2)-expander. Then G has a path of length at

least 3k —1. If G is connected and non-Hamiltonian, then G has at east (k+1)?/2
boosters.

Note 4.11. Random graph is a good expander.

Proof. Let P=(vy,...,v;) be longest path in G. Let R be the set of endpoints of paths
obtained from P by sequences of Posa rotations. Then |R7|< R and |RT| <|R|—1.
By Posa’s lemma 4.8,

N(R)C R URT*.
IN(R)| < |R™|+ |RT[<2[R|-1
Thus |R|>k. Let Ry C R s.t. |Ro|=Fk. Now
N(Ry) CRUR™URT,

hence N(Ry) CV(P). |V(Ry)| > 2|Ro| =2 k. However, Ry and N(Ry) are in P.
|V(P)| > k+2k=3k. Hence, the length of P is at least 3k — 1.

Assume that G is connected and non-Hamiltonian. If v € R, then (vg,v) ¢ E(G),
thus (vg, v) is a booster.
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Since |R| >k, we found at least k+ 1 boosters. Thinking of terminal points as
starting points, we get for each such vertex, at least £+ 1 boosters. Since each
booster was counted at most twice, we have found at least (k+1)?/2 boosters. [

Proof of the negative part of the threshold for Hamiltonicity.
Proposition 4.12. Let k> 1 be a fized integer.

e e — log(n) + (£~ 1) loglogn —w(®) ypen; 4. g.s. d(G(n,p))<k—1. (6 is the

minimal degree.)

9 [fp(n) = log (n) + (k — 1) loglog n + w(n) T T (5(G(n,p)) > =

n

In particular, if p(n) =8nrlosloan—w) ypon 4 0.5 §(G(n,p)) <1, and G does not

contain a Hamilton cycle.

Proof. (Exercise 2.1, cf. Chapter 3 in [2]) For part a) use the first and second
moment method, for part b) a first moment calculation together with a union bound.

1. Let X; be the number of vertices of degree d in G (n, p). The degree of an
individual vertex of G(n, p) is a Binomial random variable with parameters n — 1
and p. Hence,

n—1 1
E[Xd]=n< p )pd(l—p)” e
Therefore, as n— oo,
0 1fp<< n—(d-l—l)/d7

E[Xd =4 oo ifp>>n~@D/? and pn—Inn—dlnlnn— —oo, (4.1)
0 ifpn—Inn—dlnlnn— oo.

Let X be the number of vertices of degree k& — 1 in G(n, p), and p =
lnnﬂk*l);nlnn*w(n), then E[X] — oo. We have to compute the second moment.

For this we need to estimate,
: . n—2\ ._ n—k \2
Prld(i)=d(j)=k—1] = p<<k_2>p’“ *(1-p) ’“)

+(1- p)((Z - f)p’“‘l(l - p)”"‘“)2
— Prd(i) =k —1]-Prld(j) =k — 1](1+ o(1)).

The first line here accounts for the case where {7, j} is an edge and the second line
deals with the case where it is not. Thus,

Var[X] = > " {Prld(i) =d(j) =k — 1] = Pr[d(i) = k — 1]Pr[d(j) =k — 1]}

i=1 j=1

< E[X]+ i o(1)
itj=1
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NOtE that \?;—[[))((]] < ﬁ +0(1) =o0(1). Therefore, by the second moment inequality,
we have

PriX >1]=1-o0(1).

This means that a.a.s. for G~G(n, p) one has §(G) <k — 1.

2. For p= lnnﬂk*l)lnlnwrw(n), we have E|X;_1]—0 by (4.1). Hence, a.a.s. there is
p Yy

no degree k — 1 vertices. Similarly, F[X;] =0 for all 0<i<k—1, E[X;_1]—0. ie,
a.a.s. there is no degree <k — 1 vertices. Thus, 6(G) > k. O

G~ G(n,p), we can represent G as G=G1U Gy, G;~G(n, p;) we want po=c/n for
large enough ¢ > 0.

log (n) + (k — 1) loglogn + w(1)
" .

Since (1 —p1) (1 —p2)=1—p, we get p; > p — po, thus p; =

Lemma 4.13. Let p= log("”(k_lzlloglognw(l). then a.a.s. G(n,p) is an (n/4,2)
expander.

We claim the following two propositions, and then finish the proof.

Proposition 4.14. (Proposition 3.13 in [1]) Let p= lognﬂogfgnw(l) , then a.a.s.
G(n,p) has the following properties:

1. §5(G)=2. Let Small = {v € [n]|d(v) < (logn)7/%}.
2. no vertex of small lies on a cycle of length <4;

G does not contain a path between two vertices of Small of length at most 4.

3. for every pair of sets A, B s.t. |A|,|B|>
and B.

, there is an edge between A
n

n
\/log

4. BEvery set Vo C[n| of size <13—n/8 spans at most 3|Vp|log®®n edges.
og>/°n

Proof. (Exercise 2.2) (a) From Proposition 4.12, we have 6(G) > 2 for k=1.

(b) Recall that for any fixed vertex v, its degree d(v) in G(n, p) is Bin(n — 1, p)
distributed. Note that for every constant ¢ >0 and for every k < (Inn)®, we have

Pr[Bin(n — ¢, p) <k] <(k+1) Pr[Bin(n — ¢, p) = k|
<Inn(np)ke-rrelter

<Inn(2lnn)* L
n

Sn—O.Q

)

27



We claim that a.a.s. no vertex of SMALL lies on a triangle. For u,v,w € V[G] distinct
denote A, , ., be the event u € Small and (u,v), (v,w), (w,u) € E(G). Then we have

Pr[Ayv0] = p*(p(Pr[Bin(n — 3, p) <log™®n —2])2 +
+p*((1 = p)Pr[Bin(n — 3, p) <log™*n — 1])?
< pPn09x2 L AT

Then, Pr[3u,v,wA, , .| =Pr[UJ Ayvw < (’;)n_4'7: 0(%). Similarly for the case
Cy. Hence, a.a.s. no vertex of SMALL lies on a triangle or a Cj.

UV, W

We first claim that a.a.s. SMALL is an independent set. For any two vertices u# v
of G, let A, , be the event that u,v € Small and (u,v) € E[G]|. Then we have

Pr[A,.,] = p (Pr[Bin(n — 2, p) <log™®n — 1])2< pn~ ¥ <n=2".

Hence, we have

Pr[Small is not independent| = Pr

U Auo

< <g)n’2'7:0(1).
uFtv

We claim that a.a.s. every two vertices in SMALL do not have a common neighbor
(i.e., of distance 3). For u,v,w € V(G) distinct denote A, , ,, be the event u,v € Small
and (u,w), (v,w) € E(G). Then we have

Pr[Ayvw] = p*(p(Pr[Bin(n — 3, p) <log"*n —2))°+
+p? (1 — p)Pr[Bin(n — 3, p) <log™®n — 1])?
< p2n71.8 < n73.7'

Then

Pr[Fu,v,wA, ] =Pr < <§)n*3'7:0(1).

U Au,v,w

U,v,W

We may similarly prove the case of distance four for any two vertices u, v € Small.
Let Ay 4 w2 be the event, then Pr[3u,v,w,x A, » v =0(1). Hence, a.a.s. no vertices
of SMALL are of distance at most 4.

(c) Let X be the event that there is no edge between in A and B. Then

n

\/logn

Pr[X]| = Pr|3JA, Bdisjoint, |A|,|B| >

n 2
n (1 _ p)n /logn
Ve

2n n2

= o(1)

,Ec(A,B)=0

/A

N
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Hence, for every vertex subsets A, B of sizes at least there is an edge between

n
logn'’

a vertex in A and a vertex in B.

(d) Denote N =—22_ then we have

0g3/3n

Pr[3Vy C V(G), Vol < N, E(W) >
3|Vo| log®/®n] < <Z>Pr[Bin<<g),p) > 3k10g5/8n]

k
< <n>( (2) )p3k10g5/8n
k7\ 2k log®/®n

k<N
en ekp 3log™/n '\ *
7( 6log5/8n>

>
/N
2

N

N\
o
IN
2

If £<y/n, then
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If /n <k <N, then
k k
ﬂ< ekp >3log5/8 _ ﬂ ekp e kp >3log5/8n—1
k \ 6log®/®n k 6log5/8 610g5/8n

210g5/8n k
logn ckp )
6log5/8

< (logn 0.95%08™ *myv

- o)

Therefore, it holds a.a.s. OJ

Proposition 4.15. If G satisfies properties (1) — (4) above, then G is an (%,2)—
expander for large enough n.

Notation 4.16. A(G) is the mazimum degree of a vertex in G, and §(G) is the
manimum degree.

Lemma 4.17. Let Gy be an (n/4,2) expander, and let Go~ G(n, pa) with po=280/n.
(80>64) Then a.a.s. G=G1UGy is Hamiltonian.

Proof. (Lemma 4.17) G, is connected. If C is a connected component of Gy,
N(C)=@, thus ¢>n/4. Choose Vz CC, |Vo|=n/4. N(Vp) >n/2 and N(V5) CC.

Then |C/| Z%n. There is room for just one connected component.
Represent Go=U72,Gs j, where (1 —2p)?"=1—po,=1-80/n. p>po/(2n)=40/n

Denote by H; =G, U Ui:lGQ,ka we say that round j is successful if H;_; is Hamil-
tonian or E(Gs ;) hits a booster of H;_;
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We need to have at least n successful rounds. Consider round j, either H;_; is
Hamiltonian or since Gy C H;_; and G, is connected and it is (n/4,2) expander,
H;_1 has at least (n/4)%*/2=n?/32 boosters.

Pr [round j is successful] > 1 — (1 — ]9)”2/32 >1 e P32 > e 40/32 1 o3/4>
2/3.

Let X be a random variable counting successful rounds. X stochastically dominated
a binomial random variable Bin(2n,2/3), a.a.s. X >n. O

Theorem 4.18. (cf. Theorem 3.6 in [1]) The threshold for Hamiltonicity is at

logn +loglogn
e

5 The Chromatic Number of Random Graphs
Note 5.1. This section is almost based on [1| Section 5.1-5.4.

Let G be a graph. A set I CV(G) is independent if the induced subgraph G|I]
is empty. The size of a largest independent set is denoted by «(G), is called the
independence number of G.

A partition V =UC;UCyU --- U} is a k-coloring of GG is each C} is an independent
set. Equivalently, a function c:v—{1,...,k } is a k-coloring if for every edges e= (u,v)

we have c(u) # c(v).
If there is a k-coloring of G then G is k-colorable.
The chromatic number of G, x(G), is the smallest k for which G is k-colorable.

Example 5.2. a(K,)=1, x(K,)=n. a(K ) =max{m,n}, x(Kn,) =2.

V(&)
a(G)

Then x(G) > because each color class is of size <a(QG).

greedy coloring: a coloring of the vertices of a graph formed by a greedy algorithm
that considers the vertices of the graph in sequence and assigns each vertex its first
available color.

BRI R @ (YOG OBUR D) | Al RS &4 e (4L

Example 5.3. the following graph can be 2-color (black and orange), but for greedy
coloring, it can be 3-color instead (1,2,3).

3

1 1 3

Figure 5.1. coloring and greedy coloring
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A greedy coloring may require n colors even though (K, , — M)=2. (M is a
matching)

For any graph G there is an ordering of the vertices s.t. the greedy coloring with
this ordering uses x(G) colors.

5.1 Coloring G(n,1/2)
We will first consider the lower bound for x(G(n,1/2)), f(k)= (Z)(l/Z)(g) the

expected number of independent sets of size k. Then

flk+1) n—k

O

The maximum f(k) occurs when k is roughly logsn. Let k*=max {k|f(k) > 1}.

f(k)

Figure 5.2. graph of f(k)

then k*=2logaon — 2logslogon + O(1), If k~k*, f(]]f(;:)l) = (:)(%), the tilde means up
to polylogarithmic factors.

Proposition 5.4. a.a.s. in G(n,1/2), a(G) <k*+ 2.

Proof. f(k*+1) <1 by definition of k*. f(k*+2)= f(k*+1)-0(1/n)=0(1). So the
expected number of independent sets of size k*+ 2 is o(1). By Markov inequality,
a.a.s. there is no such set. 0

Corollary 5.5. a.a.s. in G(n,1/2), then

- n
~ 2log,n — 2logslogan + O(1)

X(G)
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Now we consider the upper bound.

Theorem 5.6. (Bollobas, 1988) a.a.s. in G(n,1/2), x(G)=-——(1+0(1)).

= 2logan

5.1.1 Jensen Inequalities

A set €2, a random subset R CQ,r€Q and P[r € R| = P, independently of other
choices.

A family of subsets A; C Q, {A;}ic;. We are interested in estimating
Pr[no A;is asubset of R].

Let X;=da,cr (indicator function), then

PriX;=1]=E[X]=[] P

Let X =Y, X, e
M:E[X]:Z E[Xi]zz H P
i€l i€l reA;

If the set A; are pairwise disjoint, then the events P[A; C R] are independent.

Pr[X:O]:H Pr[Xi:0]:H <1— H Pr> <H exp(—H Pr>:exp(—,u).

i€l i€l reA; el reA;
Remark 5.7. The Poisson paradigm for a counting random variable X, E[X]|= p,
then Pr[X =0]~ e # (as in the poisson distribution).

If we consider dependence, i.e. A; are not disjoint. The Janson inequality gives us
a measurement of dependence.

Define i~ j if A;NA;#+@. A:ZiNjPr[AigR and A; C R].

Example. Q2= F(K,,) (edges of K,), R=G(n,p).

Theorem 5.8. (The Janson inequality) with the above notation,

Pr[X =0] < ete
If in addition, A > i, then

Pr[X =0] < e_g.
Proof cf. Alon and Spencer’s book: The probabilistic method ([3] chapter 8.2).
5.2 Chromatic number of G(n,1/2)

Proposition 5.9. G is a graph s.t. for some 1 <k<m<n, every set of m vertices
spans an independent set of size k. Then x(G) < % +m.
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Proof. Start with G'=G, i=1.

1. as long as |V(G’)| = m, find an independent set of size k and color it with
color i. Remove these k vertices from G'. i =i+ 1;

2. color the remaining vertices with distinct new colors.

The first phase used at most % colors, and the second phase used <m colors, all in
n
all at most used <p +m. O

Set m Zﬁ. we want to show that every set of m vertices spans an independent

set of size (1 —o(1))2logan.

Lemma 5.10. G~G(n,1/2), let k*:max{k|(’l’:)27(g) > 1}. Set k=k*—3, then

Pr0) < e -0,

ok
Proof. f(k,m)= ()2 () > m3t°W) since for k= k*, f(fl?;r—m:m_“”’(l), and k=

k*—3. (In fact, we can generalize it for k <k*—3.)

Then we want to apply the Janson inequality, Q= E(K,,), R is the set of m edges
in G(m,1/2), Pr[r € R] :%forallr €R.

Let S Cm], |S|=k, As=(5)={{s1,52}|s1#52€ S} is the set of (’;) pairs in S. Then

Y 1 AsC R<= S'spansanindependent set
* 1 0 otherwise ’

X;=1iff S is an independent set in G(m,1/2). Let X = > sCim] X, count k-

1S1=Fk
independent sets in G(m, 1/2).

Prla(G(m,1/2)) <k]=Pr[X =0].

Then

E[:U] =p= Z E[Xs] = <7]?)2_(12€) > m3+0(1).
SCm,|S|=k

S~ S’ with 2<|SNS|<k—1 for |S|=]|5"| =k, both subsets of [m)].

A=Y Pr(Xs=DA(Xs=1)] = Y ki (f)(”;:f)(%)@)m@

S8 SCm],|S|=k i=2
(S (R (= B2+ )
- GO0
it _ _k i
(e (e



N
where g(i) = (f)(’::f)(%)(Q) (2) We want to argue that most mass of g(i) is on

9(2). Namely, 3717 g(i) = (1+0(1))g(2).
In fact, g(i+1)/g(i) shows that g(i) is unimodal (first decreasing then increasing),
then

N
—_

9(i) = (1+0(1))(9(2) + g(k = 1)),

Il
)

i

Then ¢(2) = @(Z—zu), gk —1)= O(%), = ¢(2)> g(k —1). Hence, Zf;; g(i)=
(1+0(1))(g(2)).
Hence, A= pg(2)(1+o0(1))= ®<%“2>’ %: @(Z—iu) > 1. Then by the second case

of the Janson inequality, Pr[X =0] < exp(—%).

Pria(G(n, 1/2) < k)] = Pr[X = 0] < e % — exp<_@<kT_22M2)> _
) "

Proof. (Theorem 5.6) By the last lemma, G~ G(n,1/2), for any set Vj of m
vertices

Pr{(G (Vi) < =exp(—9(%f)).

By the union bound,

Pr(3V5C ], [Vol = mo(G[V]) < K] <(g)exp(—n(f—f))<znexp(—(k);2—77f)2x4)=
o(1)

Hence, a.a.s., G(n,1/2) has the properties of the claim with m :ﬁ and k=
k*(m) — 3,
n n n

MG /D) S T4 m = ST o) ™~ (T o(0)2logam  (logan)?

n
210g2n(1+0(1))' =

Theorem 5.11. (thm 7.9 in [2]) The chromatic number of a greedy coloring of
G(n,p) is

_on
~ logon

X"(G) (1+0(1)) = (2+0(1))x(G)-
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6 Logic of Graphs

G (n, %) is a.a.s. connected, but not k-colorable, not planar, Hamiltonian, containing
any fixed H as a subgraph. So G (n, %) has a large set of graph properties.

Which property is “natural™?

Other property:
—  The number of vertices is even.

—  The number of edges is even.
6.1 First order language of graphs

Definition 6.1. (First order language)
o x,y,x1,x1 vartables represent vertices
o = ~ equality , adjacency x=y r~z
o AV, — ..
o 1V

Example 6.2. 3z, y,z, s+ yAy+2zAzFcANe~yANy~zAz~zx.

GE ¢ (G is a model of ¢.) <=G contains a triangle.

Vx,dy, x ~ y means no isolated vertices.

And only “containing any fixed H as a subgraph” is a first order language.

Remark 6.3. If ¢ is a sentence (a formula w.o. free variables), then it represents
a graph property.

Definition 6.4. If for a graph property P there is a sentence p s.t. GF o< G € P,
then we call P a first order property.

Theorem 6.5. (GKLT ’69, Fagin *76) The 0-1 laws holds for the first order
language of graphs and G(n, %)

That is: for every first order sentence ¢, s.t.

i o o(n ) o] c 01

n— o0
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We can replace % with any constant p € (0, 1).

If p— 0 slowly enough then the 0 — 1 laws holds for G(n, p) and G(n,1 — p) as well.

Proof. The (k,{)-extension property is Va1, za,..., Tk, Y1,.. ., ye (Distinct x; and y;).
—3z,zF T NzF TN ANzF Yy Nz~zg ANz Azoo g Ao Nz y,
Then (k, ¢)-extension property is a 1st order property.

Claim: fix k, /¢, and p € (0, 1), a.a.s. G(n,p) is a model for the (k,¢)-extension
property.

Proof of the Claim: Given wuy,...,u; and vy, ..., v, the probability that there is no
witness there vertices is

(1 _ pk(l _ p)ﬁ)n—k—ﬁ <cm

for some constant 0 < c¢ < 1. Taking a union bound over all choices of k+ [ vertices,
we get

(k’j— l)c" < n“lc”@O.
This proves the claim.

Fix k,l, G(n,p=const) a.a.s. has the (k’,¢')-extension property for all 0 <k'<k
and 0<U'< L.

Then there is another union bound.

Notice that no finite graph can be a model for all the extension property together.
Since a graph with no vertices can’t satisfy the (n,0)-extension property.

Lemma. there is a unique graph over N obeying (k,l)-extension properties for all
k,leN.

Proof. (lemma) (existence) (0,0)-ext, (1,0), (0,1), (2,0), ... are countable infinite
list of extension property. If a.a.s. G(n,p)F 1 .... (G, p)FE @q, then G(n, p)Epi A A
©a. (resp.?) Start with empty graph.

Then the natural numbers make a list of all pairs X;, Y; where X;,Y; are disjoint
finite subsets of IN.

We go over this list pick a vertex z ¢ X;UY; that was not picked before and make
it adjacent to all the vertices in X.

This (infinite) process defines a countable graph. By construction, it is a model for
all (k,1)-extension property. This countable graph is called the Rado graph. 0]
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By the lemma we have one countable model (and no finite model).
peFOL, GF ¢ or GE—gp.

There is a proof for ¢..., which is the end of the story.
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6 26-apr-2020
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