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1 A5 B
L1 {5

If we can compute the result based on our knowledge, then the result is not
an information.

FAMM—ATERGIF AT LI A R 561007 (A0 @ 1", PTG A 2 1
AR ARG, X — B A PR R, BIMERATABE S BRI iR A R .

x5 B Information i(p) M)AFRE L:

X 1.1. i(p) is the information of p with 0 <p <1 satisfying:

1. i (p1p2) =i(p1) +i(p2);
2.i(p) > 0.

Hy B FATTH] AR 2
| 1.2. i(p) is non-increasing regarding to p.
UEBH. If p1 > po, then
i(p2) =i (m'@) =i(p1) +i(@) >i(p1)-
p1 P

Note that 0<i(22) <1. 0

p1
e, AT AR 2IME B A RiA =
i 1.3. i(p) =—clnp for every fixred ¢ > 0.

MEM. Vn € N, we have i(p™) =n i(p). For rational number, assume that po :p‘f/b, then

a . ) ) Inps .
ph=pi = b ilp2) = i(pr) = i(p) = i(p1) = 1 2i(p).

For x € R, po = p{, then there exist sequences of rational numbers r,, \,z and a,, /2 such
that

. o In p2 .
Z(pQ) - 1np1 Z(pl)v Vr
by the completion of R.
Then, we have ipy) _ ip2) _ —c, which completes the proof. O

Tnp:  Ilnpsy

HTFME, Felllde=11y. WA i(p) =~y In(p) = —logap. S THIfE, FellILAF N
x5, HAF logs 5 log.

1.2 {52
R RIATRFEE BMratE,  ERBRNA LA ER (entropy) HYE L



B 1.4. (f585) The entropy H(X) of a discrete random variable X is defined by

H(X)==) " p(X)logp(x).

rzeX

TNTEW MG H(p). BEHYUE, H(X)>0. N TIHHE, FHI47%E 0log0=0, [HH
XAE Sz logx WITELEMEMVIA (zlogz—0as 2 —0)

Bl 1.5. BRI SIRE T H IR ST AR A RN p(a), W

Bl 1.6. W TP (p,l-p) , FATH
H(p)=H(p;1—p)=—plogp—(1—p)log(l—p)
Y p=7, H(p) Bk 1.
FATRHIREL A B, R X~ p(a), WIS R (X)) BYIEREIL
Eyg(X)=>Y" g() p(x),

rzeX

ERAC R Ep(X) AR TREL p A ERIEN

1.2.1 IRA RIS
FAT el A5 BN S BRI &
E X 1.7. The joint entropy H(X,Y') of a pair of discrete random variables (X, Y) with

a joint distribution p(z,y) is defined as

> > plx,y)logp(z, y)

zeX yey
= —Flogp(X,Y).

HERHAR X, Y SRS R, A
H(X,Y)=H(X)+H(Y).
X 1.8. If (X,Y)~p(x,y), the conditional entropy H(Y |X) is defined as

H(Y|X)=Y" p(x)H(Y|X =x)

rzeX

==Y " p(x) > plylz)logp(y|z)

rzeX yey

==Y > plx,y)log p(ylx)

reX ye)y

=—FElogp(Y|X).
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R EAHER =47 A i Y p e B AR

BREWAAIHERRA W XR,  FAFRZ AHEGEN (Chain Rule) .
EH 1.9. (Chain Rule)
H(X,Y)=H(X)+HY|X)=HY)+HX|Y).

WFWH. Note that
log p(X,Y) =log p(X) p(Y|X) =log p(X) +log p(X|Y),

and take the expectation of both sides of the equation to obtain the theorem. ]
1.2.2 HDAHE S AR S

X 1.10. The relative entropy or Kullback—Leibler distance between two probability mass
functions p(x) and q(x) is defined as

T X
D(plle)=7_ plx) log% =5 log%'

zeX

T bk X, ARSI E 0108;——0108;——0 DA plog——oo WA EUl, g
AR v e X ffif5 p(x) >0 H g(x) =0, U“JD(pll(J)

HATRF2UEW] D (pll ) >0,  HAFGHELY HACY MR —E p=q. BRILNTHE
T AR Z R T Z B, (HR R SGE A SRR AR HA 2 =
AREER.

AT FATRT ARIARR E DR EAR S, B DA B B LA B2 [ 3L R Y
=3

H./cho

X 1.11. Consider two random variables X and Y with a joint probability mass function
p(z, y) and marginal probability mass functions p(x) and p(y). The mutual information
I(X;Y) is the relative entropy between the joint distribution and the product distribution

p(z) p(y):

=X 3 e
z€EX yey

=D (p(z, y)llp
p

=FE, (3 o log 2.
e P ) p(Y)

FHELAR B ANE B R 5 28 AT 5 PR 1 -



A 1.12. (Mutual information and entropy)

I(X;Y)=H(X)— H(X|Y)
I(X;Y)=H(Y)-H(Y|X)
I(X;Y)=H(X)+H(Y)- H(X,Y)
I(X;Y)=I(Y; X)

I(X: X)=H(X)

HES, HEHFRA LR H(X) M H(Y). X8R W DMRA G h e GRS . &
AT AT E AT & 2R 7 AT i SC R

H(X,Y)

H(X) H(Y)

1.1, AR SR A 45 1) O 2R 18

1.2.3 ZAKIBHLAE R (5 Bk
T AR R, ATHA ) R EE AN

EH 1.13. (Chain rule for entropy) Let X1, Xo,..., X, be drawn according to p(z1,...,
Zn). Then

H(Xy,...,Xn) :Z H(Xi| Xi-1,...,X1).
=1
HAAEAERZ L] 1) pp. 22-23.
BTGS2 AR g, AT BEE RIS, I EH A LT RRRY)
ARIZE R B DA S o Lean b T AT 5
H(X{)=> " H(X|X{™").
=1

535k, B nXADH I (B i=18) Jy H(Xy). il n=2 i, Ff1A Theorem
2.2.1 [1]:

H(Xl, Xz) = H(Xl) + H(Xz‘Xl)



X 1.14. The conditional mutual information of random variable X and Y given Z is
defined by

p(X,Y|2)
(X12)p(Y|2)

I(X;Y|Z)=H(X|Z2)-H(X|Y,Z) :Ep(x,y,Z)Ing

GEERERSENACRER - w/ NP

EH 1.15. (Chain rule for information)

n
I(X75Y) =) I(X; Y [X{7H),
=1

LR, 20 p24 [1].
AT ARE S AR R A A X5 B

X 1.16. For joint probability mass functions p(z,y) and q(x,y), the conditional relative
entropy D (p(y|z)|| q(y|x)) is the average of the relative entropies between the conditional
probability mass functions p(y|z) and q(y|z) averaged over the probability mass function
p(z). Namely,

p(Y|X)

q(Y[X)

D (p(y|z)]| ¢(y|7)) = Ep(a,y) log

AR FRAT AT AR Y 2y ) -
R 1.17. (Chain rule for relative entropy)

D (p(z, y)|l (=, y)) =D (p(z)]| q(x)) + D (p(y|z)[| ¢(y|z))-

2 AN

2.1 Jensen 5

TEX IR PR MY R B0 5 L, 402 WL Definitions in p.25 [1]. F77E " Hr- 3401
PR MY PR E R E A E . A . ATH TEE BIEH Jensen A2 3 220K
LU

EH 2.1. (Jensen’s inequality) If f is a convez function and X is a random variable,
then

E f(X)> f(EX).

Moreover, if f is strictly convex, the equality in above implies that X = E X with probability
1 (i.e. X is a constant).

MEW]. The discrete distributions case can be proved by induction on the number of mass
points. Il



Jensen ASEZM— AN 2 BT e (5 B e YR B A S

L 2.2. (Information inequality) Let p(z), g(x),x € X, be two probability mass
functions. Then

D (pllq) >0

with equality if and only if p(x) = q(z) for all x.

WEBH. Let A= {z: p(z) >0} be the support set of p(x). Then

Dl = - petor A= 3 piaytog L)

p(x)

< 1og Y p(@)d) (2.1)

< log ) q(x) (2:2)

where (2.1) follows from Jensen’s inequality. Since logt is a strictly concave function of ¢ ,
we have equality in (2.1) if and only if ¢(z)/p(z)is constant everywhere [i.e., ¢(z) =cp(x)
for all z]. Thus,

D al@)=c) pla)=

r€A reA

We have equality in (2.2) only if Z q(z)= Z q(z) =1, which implies that ¢c=1. Hence,
x€A reX
we have D (pl|| ¢) =0 if and only if p(z) = ¢(z) for all . O

EAEEARE W B AN LS SR AR

i 2.3. (Nonnegativity of mutual information) For any two random variables, X,
Y,

7

I(X;Y) =0,
with equality if and only if X,Y are independent.
BV LR R SRR | il

it 2.4.
I(X;Y]Z) >0,

with equality if and only if X and Y are conditionally independent given Z.



Tl BB S RS BRI VERES), (TR B e RS A0
o5 AR R log |X .

ER 2.5, H(X) <log|X|, where |X| denotes the number of elements in the range of X,
with equality if and only X has a uniform distribution over X.

WEM. Let u(x) :% be the uniform probability mass function over X ,and let p(z) be the
probability mass function for X'. Then

D) =Y pla)log 22k ~logl x| ~H(X).

Hence by the nonnegativity of relative entropy,

0<D (p||u)=log|X|-H(X). O

EM 2.6. (Independent bound on entropy) Let Xi,... X, be drawn according to
p(z1,...,2n). Then

n
H(X{) <) H(X,)
=1
with equality iff the X; are independent.

B, By the chain rule for entropies,
n ) n
H(X?) =Y H(X|X{™) <> H(Xy).
i=1 i=1

We have equality if and only if X is independent of X;_1,...., X; for all i (i.e., iff the X;’s
are independent). O

2.2 BRI AGEX

Bn b AR AR R, AT A R i 5 a0 DAt AS B el B P A5 i 4
L. FAM1es i Markov HERE X, X—E XAEREPLE AR REE H O 2or Tl

® X 2.7. Random variables X ,Y , Z are said to form a Markov chain in that order (denoted
by X =Y — Z) if the conditional distribution of Z depends only on Y and is conditionally

independent of X. Specifically, X, Y , and Z form a Markov chain X —Y — Z if the joint
probability mass function can be written as

p(x,y,2)=p(x) p(ylz) p(z|y).

b S LR A

1. XY > Z< X Z BEEYSRMMI.,



2. XY >/Z/—7->Y 3 X—XY 2.
3R Z=f(Y), WHE X=>Y 2.

FATIAE BEUE I 3 S R Rl Ak PN 2 5

EH 2.8. (Data-processing inequality) If X - Y — Z, then

I(X:Y)>I(X;2).

FATAT AR YR M e, XEEEEk, Z2RiksinfEe
=3t S e U SRR Y SV =¥ VAN R S EL SN D ERER RS

MEW]. By the chain rule, we expand mutual information in two different ways:

I(X;Y,2)=I(X; 2)+ I(X;Y|2)=I(X;Y) + I(X; Z|Y).

o Lk

Since X and Z are conditionally independent given Y , we have I(X; Z|Y)=0. Since I(X;

Y|Z) >0, we have

I(X;Y)>1(X;2).

We have equality iff I(X;Y|Z)=0 (i.e., X - Z—Y forms a Markov chain). Similarly, one

can prove that I(Y; Z) > 1(X; Z).

iR B AR S
L I(X;Y)>I(X; g(Y)).

2. If X Y = Z, then I(X;Y|2)<I(X;Y).

2.3 Fano %A,

O

MR BIRHE, WRAFAEAFEPLAE B X (R, Y(EH), FATEZ Y Rl Xo &
ZAGE, H(X[Y)=0 5 Y BOMFRREMITRFMT. HLIHLRRHERRE R, &
PR TRERT O, HUILH YAt af —EMiRE, ARG E0E, X RmER

AR R -

R IR TAETE AR A1 B B (o) T AN BEHLAS B X A TR A~ 5 B
A Y SR p(yle). Y AT AR R g(V) = X, Hir X 32 X 1
i, HBUETEREMRT S X (AR X =X) . RATEREE oY) BRI, Tl
L X+ X PRER. HEH, X=Y X 24 Markov 4%, & LREME

P.=Pr{X+X}.

AT B
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EH 2.9. (Fano’s inequality) For any estimator X such that X =Y — X, with P.=
Pr{X # X}, we have

H(P,)+ P.log|X|> H(X|X) > H(X|Y).
This inequality can be weakened to
1+ P.log|X|>H(X|Y)

or

HX|Y) -1
e ToT
log | X |

WFBH. Define
gl if):(#X,
0 if X=X.

Then, using the chain rule for entropies to expand H(E, X |X ) in two ways, we have

H(E,X|X)=H(X|X)+H(E|X,X)
=H(E|X)+H(X|E,X).
Since conditioning reduces entropy, H(E|X) < H(E)=H(P.). Now since E is a function of

X and X, the conditional entropy H (F|X, X ) is equal to 0. Also, since E is a binary-valued
random variable, H(FE)= H(P.). The remaining term can be bounded as follows:

H(X|E,X)=Pr(E=0)H(X|X,E=0)+Pr(E=1)H(X|X,E=1)
<(1-PR)0+ P.log|X|.

Combining these results, we obtain
H(P.) + P.log|X|> H(X|X).

By the data-processing inequality, we have I(X; X)<I(X;Y), and therefore H(X|X)
H(XIY).

v

FIERRHE R BAE H(P)=H(E)<1=-27log .

3 WL o e
3.1 i Far eI
FEfSRIET, WIHE% R ( Asymptotic Bquipartition Property, AEP) EAKUEH

Kt ERFHABUEHRMEIIELS.

11



X 3.1. (Convergence of random variables) Given a sequence of random variables,
X1, Xo,... , we say that the sequence X1, Xo,... converges to a random variable X:

1. In probability if for every e >0,Pr{| X, — X|>¢} —0.
2. In mean square if E (X, — X)?>—0.
3. With probability 1 (also called almost surely) if Pr{ lim X,,=X}=1.
n— 00
WS 3 PE BT R A E B

£ 3.2. (AEP) If X3, Xo,... are i.i.d.~p(z) , then

—% log p(X1, Xo,..., X,) = H(X) in probability.

EB]. Functions of independent random variables are also independent random variables.
Thus, since the X; are i.i.d., so are log p(X;). Hence, by the weak law of large numbers,

1 1
—log p(X1, Xo, ..., Xp) = Z log p(Xi)
(2

——FE'log p(X)in probability
=H(X)

which proves the theorem. O

3.2 WRULEA
M PFFIA—ADTEEME: MALERA (typical set) o

X 3.3. The typical set Agn) with respect to p(x) is the set of sequences (x1,x2,...,xp X"
with the property

2771(H(X)+6) S p(xh 1'2, . xn) S 2771(H(X)76).

*

R4 AEP,  JRATAIDARSE AU gt vk

Ehl 3.4,

1. If (x1,29,...,20) eAEn), then H(X) —e < —%logp(xl,...,xn) <H(X)+e.
2. Pr{AEn)} >1—e€ for n sufficiently large.
3. |A£n)| < HX)+€) “yhere |A| denotes the number of elements in the set A.

4. AM >(1—¢) o (H(X) =€) for n sufficiently large.

€

12



Ptt,  typical RMERIL -1 (HEF72) , HHAPFARITRILE R —Hm . Sl
By (R, AP ITROMECRDE 20T (H3-4) .

WEW. The proof of property (1) is immediate from the definition of Agn). The second
property follows directly from Theorem 3.1.1, since the probability of the event (Xi,...,

X,) € Agn) tends to 1 as n— oo. Thus, for any ¢ > 0, there exists an ng such that for all
n > ng, we have
Pr{

Setting § =€, we obtain the second part of the theorem. The identification of § =€ will
conveniently simplify notation later. To prove property (3), we write

1= Z p(r) > Z Z 9—n(H(X)+e) _ n(H(X)+e)|A£n)|’

rexm $6A£ 2 xeA("

—%logp(Xl,...,Xn)—H(X)‘<e}>1—5.

where the second inequality follows from the definition of the typical set. Hence, we have

|A£")| < 9-n(H(X)+e),

Finally, for sufficiently large n, Pr{AEn)} >1—¢, so that

L—e<Pr{A}< 37 27n(HX)=0 —g-n(HEX)= 40,
zeA™

where the second inequality follows from the definition of the typical set. Hence,

Agn) > (1 _ 6) 2n(H(X)—e)’

which completes the proof of the properties of Agn). O

4 FEPLERER R

—REAL R A A B S R R R A — NI AR - 3942 Eadad 1A 5 . FRATTHISC
Z N 4iMarkovi,  FATRFVE—2D M 20— L BN AR A 2

4.1 HURPHRHE

L 4.1. (Stationary) A stochastic process is said to be *stationary® if the joint
distribution of any subset of the sequence of random variables is invariant with respect
to shifts in the time index; that is,

Pr{Xi=x1,..., Xpn=a,} =Pr{Xjp1=21,..., Xpnti1=zn}

for every n and every shift | and for all x1,...,x, € X.

13



X 4.2. (time invariant) The Markov chain is said to be time invariant if the conditional
probability p(zn11|xy,) does not depend on n; that is, forn =1, 2, . . .,

Pr{X,+1=b|X,=a}=Pr{Xo=0b|X1=0a} foralla,be X.
— AN A A Markov i f AR SRR RS EP = [P], i, 5 € {1,2,. ..., m i€,
H Py =Pr{Xnt1=j|Xn=1}.

WA AT RELAA R A /R AT R AEAPIR S T AT HALPS AR AR, WA
Rl REEZ A ZY) (frreducible) o WERM—MIRZSENH B SR F BRI KB
BRAHECRL, W /RAT R AR (aperiodic) .

XA AR AR B R B R, RS
p(Tpy1) = Z P(Tn) p(Tnt1|Tn) = Z p(zn) Prpzyiy-

Tn€X Tp
FRIATH W FHEMRR
Pyi1=P,P= PP
T (11— 1 P RAR 4

4.2 K%

WERBATA A oYL RALR P8, AR PRI AT Bl n B K7
MR A SO IR R

X 4.3. The entropy of a stochastic process {X;} is defined by

H(X)= lim < H(X1,..., X,)

n—oo T

when the limit exists.
XFiid., FATE HX)=H(X1); XFHFHL, |14 H(X)=logm.
TR CURBRFEAERT)

H'(X)= lim H(Xp|Xn_1,...,X1)

R RWIAIE IR E Lo TR RS R, FRATA

EH 4.4. For a stationary stocastic process, the limits in the definitions of entropy rates
exist and are equal:

N TIER R R, FRATSEUEMlim H (X, | X7~ )7 B2 BindE sy . $9c b, Al
ﬁ

H(Xn41|XT') < H (X1 X8) = H(Xa | X771,

14



WHERE, H (X X7 Y B ARy s, H IR, B H/(X).

e, FRATHE AT E

EH 4.5. (Cesaro mean) If a, —a and bn:i " a;, then b, — a.
n =1

M5 ar} TR ZHIUR AT Ta, FIEm NI T Eb i A BT Ta.
ARFUERA P AZ DL p76 [1]. 32 AEIRATIE E B 4.4.

WEW. (2Bl 4.4) By the chain rule,

:ZZ H(X|1Xx{7h.

=1

The right conditional entropies tend to a limit H’. Hence, by Theorem 4.2.3, their running
average has a limit, which is equal to the limit H/ of the terms. Thus,

H(XTP

H(X):hmT):limH(Xn\Xl"’l):H'(X). O

PRI TR ) R B G aE,  HRRh
H(X)=H'(X) =lim H(X,| X =lim H(X,| X,_1) = H(X3| X).
B, FATE

L 4.6. Let {X;} be a stationry Markov chain with stationary distribution p and transition
matriz P. Let X1~ . Then the entropy rate is

H(X)= —Z i Pijlog P;j.
ij

UEW]. H(X) = H(X2|X1) =3, i (32; —Pijlog Fij). O

5 Bda k4

5.1 14

B, TRALEATE A EEA ARG, SR AHANIE b . 7T DLE Ay H g
R SR RN, A 2 5 TR K B R SIS 4 . i,
FEREARTLIS T, BRSO S A FOR. AT, RAREIRL R e
A K.

15



%ﬁﬁ%&%ﬁ@%&%mﬁiﬁ%%%&ﬁ,#HM%%%E%%,ﬁﬂm%@ﬁ%
RAER o

ARSI T R, B ERRE RN RS,  BIas i, BiE, 7
B BT BN T —MIEAE RS, A D 2 4R SN DA R {5 1
FAABBHAGEAS o o FE (R R UL AL O (8 Tl 5 B A5, TR DU Hadt ) i
R AR, KRR S AL I A n] AR FE

X 5.1. A source code C for a random variable X is a mapping from X, the range of X,
to D*, the set of finite-length strings of symbols from a D-ary alphabet. Let C(z) denote
the codeword corresponding to x and let l(x) denote the length of C(z).

e € (red)=00,C (blue)=11 g—NX={red,blue}JPAD = {0, 1} AR TR
.

X 5.2. The expected length L(C) of a source code C(x) for a random variable X with
probability mass function p(x) is given by

L(C)=EI(X)= " p(z)l(z),

rzeX
where l(x) is the length of the codeword associated with x.

BRI D-ary 19FEEFE XHD={0,1,...,D —1}.

L, RATESR AT MRS . AN AR R ME RS (uniquely
decodable) 4 HAUH BT &2 IEAT 1.

X 5.3. A code is said to be nonsingular if every element of the range of X maps into a
different string in D*; that is,

r#2'=C(z) #C(2').

E X 5.4. The extension C* of a code C is the mapping from finite-length strings of X to
finite-length strings of D, defined by

C(xrza: - xy) =C(x1) C(x2) -+ - C(2),

where the Tight hand side indicates concatenation of the corresponding codewords.
HIGRAD (BRI ) IR h EA 2R 5 RIS -

X 5.5. A code is called a prefiz code or an instantaneous code if no codeword is a prefiz
of any other codewords.

— A HIZEIS R FAR D (self-punctuating code) , LB G AR U HT DARE—
. L, XTARGERY, HATEWTRRR:

‘AH codes > Nonsingular codes > Uniquely decodable codes > Instantaneous codes|

16



Table 5.1 (pl07 in [1]) 5T —MREFHI BT RV ENTZ R K FR .

5.2 Kraft 22
A B — A MR K R BERHURS RF A — e iR, RIIE, RATARE

N BEAT S RN, HARBCA AR . BERH RS AT RE A A AU R BE AR 32 A
TAEEA BRI

EM 5.6. (Kraft inequality) For any instantaneous code (prefiz code) over an alphabet
of size D, the codeword lengths l1, . ...,l,, must satisfy the inequality

Z D li<1.
7

Conversely, given a set of codeword lengths that satisfy this inequality, there exists an
instantaneous code with these word lengths.

Proof omitted. Consider a D-ary tree, cf. pp. 107-109 [1].
b, AT BB RS 2 Kraft AR5

EH 5.7. (Extended Kraft Inequality) For any countably infinite set of codewords that
form a prefix code, the codeword lengths satisfy the extended Kraft inequality,

oo
> Dhi<
i=1
Conversely, given any li,lo, ... satisfying the extended Kraft inequality, we can construct

a prefix code with these codeword lengths.

5.3 Ipfihy

TEEA T, BN T A 3 4R T SRR FE Kraf R 2858, I H Kraft R
e A IS E I TR AR R ARG 70 2 . BRTETR N1 16 4 LA BN K FE TG
I AT A

X B2 ) e DA ) A -

Minimize L =" p;l; over integers Iy, ..., Ly, satisfying 3> D=l <1.
TERRR G tR AT i 2 B s B H s, &
J:Z pili—i—)\z D,

P2 3R A3 T A

oJ

— . —;
ol AD™In D.
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SRiSR0, T

T, FTH
pi=D7li= ;= —logpp;.
X— (TRE) AREEE mR AL A 2
L=Y"pili==)_ pilogppi=Hp(X).
L, PO L AUNREE, Fl RSB B i A B . FAT s 3L

EH 5.8. The expected length L of any instantaneous D-ary code for a random variable X
is greater than or equal to the entropy Hp(X); that is,

L > Hp(X),

with equality iff D™= p;.

MEW]. We can write the difference between the expected length and the entropy as

1 .
L—Hp(X)=) pili—)  pi logp = =Y pilogp D7+ > " pilogpp;.
Letting r; = D‘li/ZjD_lf and c= 3" D7%, we obtain
; 1
L —H:Z piIOgD%_IOgDc:D (pllT) +1logp—2>0.
by the nonnegativity of relative entropy and the fact (Kraft inequality) that ¢ < 1. Hence,
L > H with equality if and only if p;= D" (i.e., if and only if —logp p; is an integer for

all i). 0

X 5.9. A probability distribution is called D-adic if each of the probabilities is equal to
D™ for some n. Thus, we have equality in the theorem if and only if the distribution of X
1s D-adic.

b, FATIERESS AR A R W B

EH 5.10. Let l7,...,15, be optimal codeword lengths for a source distribution p and a D-ary
alphabet, and let L* be the associated expected length of an optimal code (L* =Y p;l} ). Then

HD(X) SL*<HD(X)+1.
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Proofcnnuxed.Letzi::ﬂog[)gq,<f.pp.112_113[1y

PR (SEEILERE) , &AITA

EH 5.11. The minimum expected codeword length per symbol satisfies

n n
H(XT) <Li< HX{) _ 1
n n n
Moreover, if X1, Xa,..., X, is a stationary stochastic process,
Ly — H(X),

where H is the entropy rate of the process.
XFTFAEBERY, AR ME— A ARG, U2 Kraft A2E,

EH 5.12. (McMillan) The codeword lengths of any uniquely decodable D-ary code must
satisfy the Kraft inequality. Conversely, given a set of codeword lengths that satisfy this
tnequality, it is possible to construct a uniquely decodable code with these codeword lengths.

UEWZ L pp. 116-117 [1].

SRR NI ] R ME— ] RS A PR A th 2 Kraft ARSI, FEXBEA#HL, S0
Corollary in p. 117[1].

6 TERGRD I 2 Gty

FARGYZ L ATk, W MRS R . AR A T YA [ 1
WITHET,  HALRYR S T IR R AR B RN, RS ARSI
Gt ARG AR A RTE S R, R (0.0<n <1.0)

1/ .

TEL AT AT SRR LT, FARGRAD ] A K 3L e U A 4 2R . (SR
2 T 04 G R T B R AR S R A T T, ARG . XM, S
A 4 SRR R AT F DL A 445

6.1 SR BgIYE R

RGN S P R AR - FE b, R 2 A0 R ARG L — 45
Blo {3, SRR E RN DR EA b, AR E IR
BN —ZFNBILA b BT, TR Il % HO e 5K 5 2 L B RS 2 A DAL 4 )

PRUASEAR G BA BE— R4 — D RdE P DAE R Gid 47 53 e n] DM R . A
B, fERERZGEN (RTRE) MY RASBEN,  BRAIEF RS0 AR
2 R, AERXFPEOLT, RSN RSB -
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https://zh.wikipedia.org/wiki/%E7%86%B5%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E7%86%B5%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E5%93%88%E5%A4%AB%E6%9B%BC%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E5%93%88%E5%A4%AB%E6%9B%BC%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E5%93%88%E5%A4%AB%E6%9B%BC%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E5%93%88%E5%A4%AB%E6%9B%BC%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E5%93%88%E5%A4%AB%E6%9B%BC%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E6%8C%87%E6%95%B0
https://zh.wikipedia.org/wiki/%E6%8C%87%E6%95%B0
https://zh.wikipedia.org/wiki/%E7%86%B5%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E7%86%B5%E7%BC%96%E7%A0%81
https://zh.wikipedia.org/wiki/%E7%86%B5%E7%BC%96%E7%A0%81

MR, BRI (B ({0, 1)) BAME{0.95,005)) ,
ARG IS, ERRART R | ILAS, 7k SR AK IR T, A
2F, SARMEIT DI AAIEA A, BRI LL

fMEZ, FARMDE Mg, ANHEFEER MR %50
TE—ATER, HIRS T EEZTURNE R

6.2 WK auidi i it

5| 6.1. For any distribution, there exists an optimal instantaneous code (with minimum
expected length) that satisfies the following properties:

1. The lengths are ordered inversely with the probabilities (i.e., if p; > pg, then l; <lIy).
2. The two longest codewords have the same length.

3. Two of the longest codewords differ only in the last bit and correspond to the two
least likely symbols.

Proof omitted. cf. pp. 123-125 [1].

EH 6.2. Huffman coding is optimal; that 1s, if C* is a Huffman code and C'1 is any other
uniquely decodable code, L (C*) <L (C").

T M T AW AI RIS 7Y%, FRZ % Shannon-Fano-Elias Coding, % iLit
AR[E45.9. FflT4 M FROG1 FRUAER T 107 tix—Hdk.

r p(x) F(x) F(r) F(x)inBinary [(z)= logﬁl +1 Codeword
1 025 0.25 0.125 0.001 3 001

2 05 075 0.5 0.10 2 10

3 0.125 0.875 0.8125 0.1101 4 1101

4 0125 1.0 09375 0.1111 4 1111

6.3 LZW #4363

B de- k- Wil 4ahdik (Lempel-Ziv-Welch,  FFHLZW) ,  ZIAAHIF 0. A0
7RG 2 Hi T i 3 [R5 A — RO A R 4R A

ETE 19844 b 2% Bt T B R TP AR 7 55 08 -5 78 W] A G2 R AE 19784 K SR LZ TS Y IRUAS Tl A
(FZORET M. SLRMEGMS, BTl — BRI EEETY) .

HERSHMEMLL, BP0 R- T A AR AN R B4 £f DA 1 A4 5 25 4
(RS IR B KEF AR TR REM D) o HAETET I % A5 A —
AR DIARS R ATAA AR S IR B, B AR AR A RN ARG AR
RMERRBOT E BRI, BT e A BT AT, FrddEA—
ERFMEIL (BFLIMA, LZT7)
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FENFREXEE, TCSENEESRPCAY,  Hba) g ea W #4547 8 0+
i, RS MR B I S A ) AR g L b, ORISR IE R gAY ﬁﬂ%ﬁ
PRSI IR R g —RER T RR B SR, HAE A SR T AR SOR I [ — A
HRFEZ FAFE .

HALZTT RS H D4t (12.5.1), i LZ78k 2318 7 Mg i (12.5.2) . FRAT&EH

PHEEE . HERIRATWE R A AR R EMAFR N ER,  FrATRNTTR R
#r (distinct parsing)

EX 6.3. A parsing S of a binary string x1xs - T, 1s a division of the string into phrases,
separated by commas. A distinct parsing is a parsing such that no two phrases are identical.
For example, 0,111,1 is a distinct parsing of 01111, but 0,11,11 is a parsing that is not
distinct. Let c¢(n) be the number of phrases in a distinct parsing of a sample of length n.

EH 6.4. Let {X,} be a binary stationary ergodic process with entropy rate H(X), and
let ¢(n) be the number of phrases in a distinct parsing of a sample of length n from this
process. Then

limsup M <H(X)

n— oo

with probability 1.

T 6.5. Let {X;}>, be binary stationary ergodic stochastic process. Let [(X1,..., Xy,) be
the LZ78 codeword length associated with Xi,...,X,. Then

limsupll(Xl7 ooy Xp) <H(X)  with probability 1,

n— oo

where H is the entropy rate of the process.

7 PIRERE

— R —BOCFE R RS )% (Kolmogorov complexity) JE il ix x5
Frs B fE BEm)— P RE.

PATR T A B R 641 A5 5 S 11

0101010101010101010101010101010101010101010101010101010101010101
1100100001100001110111101110110011111010010000100101011110010110

S —NFAFER T DA P SCTR R AR D B 32401, B AT AT SR B Y R LA

.

AFAFER s BT RO R R XA AR R R IR R . 52, — PRSI
EE LI RS A th EL U XA R I T S/ B ROV P R K

%%%&%ﬁ%mﬁ% B R ANGE £ 2 PRATE R P AEAL RS, AT R B R
AT DA T AR FIHE AN T BB
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L x A AR “aE B AR, U2 N EAT R, 2 U(2) IS TR o K
B, U(p) i g MR pIg TS MU o FRATTE SORTIRAZ I B e/ MR K

EX 7.1. The Kolmogorov complexity Ky(x) of a string x with respect to a universal
computer U is defined as

Kuy(z)= péﬁi)n:x l(p),

the minimum length over all programs that print x and halt.

i SOEEREMEM T x KEMFEE, WERBOICH < WKE, RATTPAE L&
A R 2

Kuy(z|l(z)) = p;z,{(;f}%?)):gg I(p),
DR IA K

EH 7.2, (Universality of Kolmogorov complexity) IfU is a universal computer,
for any other computer A there exists a constant cq such that

Kuy(z) < Ka(x) +ca

for all strings © € {0,1}*, and the constant ¢4 does not depend on z.

HWEW. Assume that we have a program pa for computer A to print x. Thus, A(pa) ==z.
We can precede this program by a simulation program s4 which tells computer U how to
simulate computer A. Computer U will then interpret the instructions in the program for
A, perform the corresponding calculations and print out x. The program for U is p=s4 pa
and its length is

1(p) =1(s4) +1(pa) = ca+1(pa),
where ¢4 is the length of the simulation program. Hence,

Kuy(z) = i I(p) < i (I(p) + ca) = Ka(z) +ca

for all string x. O

EH 7.3. (Conditional complexity is less than the length of the sequence)
K(z|l(x))<l(x)+ec.

MEW]. A program for printing x is

Print the following 1-bit sequence: x; X3 . . . x1(x).

Note that no bits are required to describe 1 since 1 is given. The program is self-delimiting
because [(x) is provided and the end of the program is thus clearly defined. The length of
this program is I(z) +c. O
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EM 7.4. (Upper bound on Kolmogorov complexity)

K(z) < K(z|l(z))+2logl(z) +c.

HEP]. If the computer does not know [(z), the method of Theorem 14.2.2 does not apply.
We must have some way of informing the computer when it has come to the end of the
string of bits that describes the sequence. We describe a simple but inefficient method that
uses a sequence 01 as a “comma.”

Suppose that [(x)=n. To describe I(z), repeat every bit of the binary expansion of n twice;
then end the description with a 01 so that the computer knows that it has come to the
end of the description of n.

For example, the number 5 (binary 101) will be described as 11001101. This description
requires 2 [logn | + 2 bits. Thus, inclusion of the binary representation of 1(x) does not add
more than 2logl(x)+c bits to the length of the program, and we have the bound in the
theorem. O

EH 7.5. (Lower bound on Kolmogorov complexity) The number of strings x with
complexity K (x)<k satisfies

Hze{0,1}: K(x)<k}| <2k

HEBH. There are not very many short programs. cf. p469 [1]. O
B4, XTI, RATE

EH 7.6. The Kolmogorov complexity of a binary string x is bounded by

1+ 1
K(m1x2-~xn|n)§nﬂo(zz xi)+§logn+c.
=1

WEWH. cf. Example 14.2.8 [1]. O

7.1 PIESEIR BRI
BUAE,  Fhf1% 18— R B BEHLAS B Kolmogorov g A i 5 HUA 2 [ &R o AR AL,

FATTRBHBENLT 51 ) Kolmogorovig 24 i i ] {2k T-Shannon/fif . H45E, FIFMKIE
Wi e Kraft 255,

S|B 7.7. For any computer U,

Z 9—Up) <1.

p:U(p)halts
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YUEHH. If the computer halts on any program, it does not look any further for input. Hence,
there cannot be any other halting program with this program as a prefix. Thus, the halting
programs form a prefix-free set, and their lengths satisfy the Kraft inequality. O

EH 7.8. (Relationship of Kolmogorov complexity and entropy) Let the stochastic
process {X;} be drawn i.i.d. according to the probability mass function f (z), x € X, where
X is a finite alphabet. Let f(x™) =T][;_, f(x;). Then there exists a constant ¢ such that

(X =Dlogn ¢
n

Zf (2"n) < H(X) +

for all n. Consequently,
E% K(X"n) — H(X).
HIEW]. Proof is omitted, cf. pp. 473-474 [1]. 0
KIRHIFIICHEN AP, RUEFREIRIE . T DA
<32 ) K 0+ LR 1
TR K(X") AL, ERREN K@) < K(an) + 2logn +c. FA2.

El% K(:c”)] S H(X).

7.2 BB IR EI R
FATATLARE LML R A L

X 7.9. The Kolmogorov complexity of an integer n is defined as

K(n)= min I(p).
(n)=_ gnin i(p)

R A28 BERY R -5 7 H O FAZREERY SR AR AR AL DA B2 AT A Al Y,
PR FAREE R

€ 7.10. For universal computers A and U,

Ku(n) < Ka(n) + ca.

PR AT AR — ki, B DARE— B A T AN R 451

K(n)<logn+ec.
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B 7.11. There are an infinite number of integers n such that K(n)>logn.

UEW]. We know from Lemma 14.3.1 that ) 27K <1 and S, 27l = Zn% =o00. But
if K(n)<log(n) for all n > ng, then

oo oo
Z 27K(n)> Z 2710gn:007

n=ng n=ng

which is a contradiction. O

7.3 ARSI A TS
EBTIIRTAE TR, IIAEE R RE M E . Bk TA
K Ag—r i e i

WA, AFERET,  FTRMETAE s kA, R ER K(s).
XEHCUE AT AS WAERE T WIRA . 2 XTI E N il AS I L

J_ﬂm o

8 1n1_*ﬁ'£

;{?ﬁﬂ‘]ﬁ'ﬁ%)ﬁ~l W PR E IR A M, FRATZ AT G M i A
anys

— PR B AR GRS 75 T A Y (repetition code) |,  HUUNEEASFAPAREE A A1 KL
W, Hn3 . AERX BLBATEM TR, IR R RIS p=0.1. MK
ni) TR TERE RIS E p(no error) = 0.9"n, 1T EA =K LA R LRI 2

p(no error) = (0.93+3-0.92-0.1)" =0.972".

4o RN, X ARRMAR ER G ARR RN, IO B X A . O T
PFE MBS L, FRATIETI AR — LA

BTA1E LA EHEE (discrete channel) h— MU & AFERR, BB FRRA—A
MRS RER RS AR — B HUFIE R TCICIZ) (memoryless) |, 24 HAY Hiq
B RO T AT 5 2 B A T A A . R, XN A A
RGHA:

i, [Bncoder ]| = [Channel p(y[z) |— [Decoder]

Estimate Message
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AT E A B IEEA R
X 8.1. We define the “information” channel capacity of a discrete memoryless channel as

C=maxI(X;Y),
p(z)

where the mazimum is taken over all possible input distributions p(x).
AT NI L 201, S WIRA]ESy 7.1:

#il 8.2.

C=H(Y)-HY|X)=2—-1=H(X)-H(X|Y)=1-0.

3. Noisy typewriter. C'=max,) H(Y) —1=1log26 —1=log13.

A A
B

C C
Z Z

P&l 8.1. Noisy typewriter

4. Binary symmetric channel.

C=maxI(X,Y)=1-HY|X)=1-H(p,1—p)=1—H(p).

P&l 8.2. Binary symmetric channel

5. Binary asymmetric channel.
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8.3. Binary asymmetric channel
C=I1(X;Y)=H(X)-H(Y|X). Let p(X =0)=a, then p(x=1)=1—a. Thus,
I'=—a(l-p)log(a(l —p))— (ap+1—a)loglap+1—a)—aH(p).

Compute g—i =0, then find «a.

6. Binary erasure channel.

0" 350
P
13
P
=1

8.4. Binary erasure channel

=
=
i

— (1= p)log( 51— p)) 51— p)log( 51— ) — 5 -2plog( 5 -2p)

H(Y|X) =25 H(p; 1~ p)

I=1-np.

8.1 faitiar PR
M EEARE, ROTAWT R
1. C>0since I(X;Y)>0.
2. C<log|X| since C=maxI(X;Y)<max H(X)=log|X]|.
3. C<log|Y| for the same reason.
4. 1(X;Y) is a continuous function of p(z).

5. I(X;Y') is a concave function of p(z).
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8.2 fi itz B

AWEmMAE R L, RERESTIEGEE,  (HORA ] REER S
TREFRAHTR T, PAMESRERBFARAIEFEE . XD NFER, A
IR PR A 1 S B PG AC S B, L U7 A - i 1 Pl A A B

IEANAAT I F 3k SCRYARAE (cf p193[1]) -

€ X 8.3. A discrete Channel is (X, p(y|z),Y) with >, P(ylz) =1. The nth extension of
the discrete memoryless channel (**DMC**) is the channel (X™, p(y"|z™), Y"™), where

plykle®, v* =) = p(yklzr), k=1,2,....n.

IAETE R S (without feedback) ,  Bip(ap|z*~1, y* 1) = p(ay|2* 1), MfETE
3 R R pR K A2

p(y"|z") =[] p(vilzs)-
i=1
H T WUEELGER,  FAT5IALNT AR AR i -
E X 8.4. An (M, n) code for the channel (X, p(y/z), Y) consists of the following:

1. Anindex set 1, 2, . .., M.

2. An encoding function X™:{1,..., M} — X", yielding codewords x™(1),...,x"(M). The
set of codewords is called the codebook.

3. A decoding function g: Y™ —{1,2,..., M}, which is a deterministic rule that assigns a
guess to each possible received vector.

UL g hs (M, n) )P RERAF RIS R AR A, FRATIRZ iR R AR . 3,
It 22 RAEH A A B IR R A P2 IR

X 8.5. Let
Ai=Pr{g(Y") #i|X"=a"(i)} = > ply"a"(i)) T (9(y™) #1)

yn

be the conditional probability of error given that index i was sent, where I is the indicator
function. The mazximal probability of error \™ for an (M, n) code is defined as

™) = max A
ie{1,2,...,. M}

The (arithmetic) average probability of error Pe(") for that code is defined as

P(”)_iiw: A
‘ M@':l Z
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AT (M, n) JpBRYES (rate) W

€ 8.6. The rate R of an (M, n) code is R=L

— AR R IAF) (achievable) 4 HAYTEAE— A 4id ([2nF], ), ST oN
H:%TE%K A(" —0 24 n—oo. WYL, XATHRR/NKT W5 18 Hi i 1T DORF 124 1 2]
RN i, HTHERS, RATEED 2" n) kL8 (127F],n).

HI AT 75— MEEAERE L, BEER R ] k2 iR A AR E .

8.2.1 B4y R4
RUTHALES,  BATTAE L —MEEREWER G AT (jointly typical

sequences) .

X 8.7. The set Agn) of ==jointly typical sequences== {(z™, y™)} with respect to the
distribution p(z, y) is the set of n-sequences with empirical entropies e-close to the true
entropies:

AE") ={(z™ y") € X" x Y™

—%logp(x")—H(X)‘ <e,

1
—log p(y™) — H(Y)| <e.

~~logpla”, ") — H(X,Y)| <e},

where p (v y") = [1;_ 1 p(as, 4i).
TRENAREGHAEP E

EH 8.8. (Joint AEP) Let (X™ Y™) be sequences of length n drawn i.i.d. according to
p (@ y") =T1;Z, p(xi, 4i). Then

1 Pr{(X™Y") e AE")} —1 as n— o0.

2. ‘AE”)‘ < 2n(H(X,Y)+e).

3 If (X" Y™ ~p(a™) p(y™) (i.e. X", Y™ are independent with the same marginals as p(z"
y")), then

Pr{()z"7 ?n) c Agn)} S 27n(I(X;Y)736).

Also, for sufficiently large n,

Pr{(X",¥") € A} > (1 - ¢) 27 (XY 30,
HEW. Proof. cf. pp. 196-198 [1]. O
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8.2.2 f5itiguhye Pl

EH 8.9. (Channel coding theorem) For a discrete memoryless channel, all rates
below capacity C are achievable. Specifically, for every rate R < C, there exists a sequence
of (2% n) codes with mazimum probability of error A(n) — 0. Conversely, any sequence
of (2" n) codes with \™ — 0 must have R < C.

WEBH. cf. [1] pp. 200-204 for achievability. cf. pp. 206-208 for converse to the coding
theorem. ]

8.3 &Y

) 2% % i (Network Coding) & —Fii i i 44 5 SO0 3 9 5 B3 T i R IR BN 2
HM BB BT AR . Rudolf Ahlswede, Ning Cai, Shuo-Yen Robert Li, Raymond W. Yeung

TE20004F 1 Y H I 28 G b AR A

R ERENIOEV € TH s 1E & NG UL S B e W AN A 6 I DR o iy N 1B~ MBS TR E v & N
W28 18 TR ARY T R A A G AR REA R b, SR 0 2 20 i MU B e 21 ) £ Rk
FTENESCIE LA B AT, IXAMIOA SR EDIL R D5 I T e ik . A e
e i dse /D NECER (ARG R B s SR K i 25 T e/ NEU R A — 2R B ) RIIE T
o0 2 G it W] ATR 3] I 2 f K AR RV AL o

8.3.1 WIEMIL%

— UL BRI M 2% (Butterfly Network) , U1 B FrR . Bl % T 32k
W 2% G AT s e el o ISR R (ER R B TR ) B (5 BARIB, X S8 Qb
REEI A H B A (TR . B MEREAMB. &0 Hae—AME (
IR RELD/s)

WSRO ARV, P iRy BER A BB, (BN BERI R P . BRI
WAL EIRA S ABABTT HAGHURRICE KA, ARAAHIEB . Xt 1R85 H 3,
KIEBW AT AR MR BrAFRATUEH de B, PRI BOA B i 07 58 mT DA IR
AFIBE B H . BRI 2 DTEND (WREHR A RBEIHY) .
WMEFTS,  fH—A RS, B O A RS 2 FEREATFIB [ I %3 21 A
HimH, g, RAEAARC A + BUWTARBIH 4. A H MBI AFIA +
B, LA A PIAMERITA B, [FRE,  IEE0 H AR BMIA + B, A
AT REAZ B E AFIB.

A B A B

8.5. Butterfly Network
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https://zh.wikipedia.org/zh/%E6%9C%80%E5%A4%A7%E6%B5%81%E6%9C%80%E5%B0%8F%E5%89%B2%E5%AE%9A%E7%90%86
https://zh.wikipedia.org/zh/%E6%9C%80%E5%A4%A7%E6%B5%81%E6%9C%80%E5%B0%8F%E5%89%B2%E5%AE%9A%E7%90%86
https://zh.wikipedia.org/zh/%E6%9C%80%E5%A4%A7%E6%B5%81%E6%9C%80%E5%B0%8F%E5%89%B2%E5%AE%9A%E7%90%86
https://zh.wikipedia.org/zh/%E6%9C%80%E5%A4%A7%E6%B5%81%E6%9C%80%E5%B0%8F%E5%89%B2%E5%AE%9A%E7%90%86
https://en.wikipedia.org/wiki/Linear_network_coding
https://en.wikipedia.org/wiki/Linear_network_coding
https://en.wikipedia.org/wiki/Linear_network_coding
https://en.wikipedia.org/wiki/Linear_network_coding

8.3.2 ZRVEI 4% ity

Bt A, FRATATAME) X . BRI R, ST Ee M R 4% Gkt i
TR A AL S, TR, AREIEEOEMNER L K. FinoE
PP T 1 4 it F B9 R DA R A i R

BIANHFRIE Ak =4, pi=1,p2=2,p3=3. HEFL—RANWHEATE, HAR
sl i’\]ﬁﬁ@%((&&l)724);((27377)729)7((95;5),36) o HART XS RAVHERK AR, TS,
P2, p3fH

-1

p1 58 1 24
pa =123 7 29 |.
p3 96 5 36

8.3.3 BB LML St

BEDLZ N 0 25 G B ] DA S O AL A B, BN FESERRMIZE 1 i 2fF
KREEALENEURAER, 7 AT AR BN PR S i B A AT 45 2
HYEY S

9 B

BRI FRIE b — M, MDA BTRBEHUE RO S B AR, DA
SOBEHVE RO ST, M S BBV RO S L T, T O
BRI, AT, BUMES BRI SIS P

S 9.1. The differential entropy h(X) of a continuous random variable X with density f
(x) is defined as

() = = [ @) log f(a) da.
where S is the support set of the random variable.

PATR 28401

L 3951504 X ~U[0,al: h(X) = [¢ Llog L du=loga. P, M 0<a<1, MAHRIHBE
SMR 1

2. FRIEIEAS A X ~N(0,0%): h(X) = log (2mea?).

il 9.2, B2 28 i I KB . IR 0, 22k o B{E AR Z FEHLAS
XM, H ERHIESSAN(0,02) M5 (cf. Theorem 8.6.5 in [1])

ROIAE, TATEI FER (Theorem 8.6.6 & 8.6.7 in [1])

1. h(X + ¢) =h(X) Translation does not change the differential entropy.
2. h(aX)=h(X)+loga|. (HEHAEEHA S UEN])
X iTRE, ®ATE
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B 9.3. (Estimation error and differential entropy) For any random variable X
and estimator X,

E(X _X)ZZ%MQZh(X)’

with equality if and only if X is Gaussian and X is the mean of X.

WM. E(X —X)?>minE (X — X)2=E (X — B(X))?=var(X) > —— () [

< 2me

9.1 HBEmIXR

A TRHESE RSN S AR R, AT X2 = PR pi= [37D° f(a) da
flo) A FREAVE

_f pilogpi=—)  f(x;) Alog (f(x;) A)
=—> " A f(=i)log f(x;) —log A
WA f(x)log f(x) REZ AR, W R B HURAERIR, W2 siIn AT e
SEPE 9.4. If the density f (z) of the random variable X is Riemann integrable, then
H(X?)+1log A—h(f)=h(X),as A—0.

Thus, the entropy of an n-bit quantization of a continuous random variable X 1is
approximately h(X) +n.

9.2 ELWHN AEP
SERIBHUEOL—FE, Al S B RS F AT AR F] -

X 9.5. Let X1, Xo,..., X, be a sequence of random variables drawn i.i.d. according to
the density f (z). Then

—% log f(X1, Xa, ..., X)) = E [~log f(X)] = h(X)in prob.
B, FRAITREE BRI (Typical set) .
EX 9.6. For e >0 and any n, we define the typical set Agn) with respect to f(x) as follows:
Agn) = {(xl, ceyTy) €S™ —%log flay, ... zp) — h(X)‘ ge},
where f(x1,...,2xn) = [y fs).
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FMT75 25 AR DASE) ™ SR DL S B o R AR
E X 9.7. The Volume Vol(A) of a set AC R" is defined as

Vol(A)—/dxldxg---dxn.
A

TREAZUT B RUFN LR BE— B Al

EH 9.8. The typical set A™ has the following properties:

€

1. Pr(Agn)) >1—¢€ for n sufficiently large.

WEWI. Proof. cf. p 246 [1]. O

BCULH, BT, AL et ot — A AR Rk T, BRI LKLY
& 270, 3 B A AR T 1.

i, R 8.2.3 [1] RIMBLRIAME =1 — e M MBIES

9.3 MKy ARTERSMN S5 MR HRT L A5 B
WA B 3 0 14 RE S MR B B R SR A

X 9.9. The differential entropy of a set Xi,..., X, of random variables with density
flx1,...,xp) is defined as

BT == [ flam) og fa") da.
SePER K

X 9.10. If X, Y have a joint density function f(x,y), we can define the conditional
differential entropy h(X]Y) as

quwz—/fuwn%f@WMMdy=MXJﬁ—MY»

MR (Kullback—Leibler #ig)

X 9.11. The relative entropy D (f|| g) between two densities f, g is defined by

D(ﬂw)—/fbgg
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HE, D(fllg) A BRI A SC A S Een) e e . FadiE SCPIRATTEOKR
0log0/0=0.

AR

X 9.12. The mutual information I(X;Y) between two random variables with joint density
f(x,y) is defined as

= [tz ) 1oe L EY) 4o
106)= [ flo ) on 555 ddy

MR AR 155040 2

I(X;Y) = W(X)=h(X[Y)=h(Y)=h(Y|X)=h(X)+h(Y)—h(X,Y)
= D(f(z,yll f(z) f(y))

R, AR IS SRS A A5 SR8

I(XA Y™ =H(X?) - HXAY2)~h(X)—logA —h(X|Y)+logA=I(X;Y).

9.3.1 MM AU Az B A PR R
EM 9.13. D(f|| g) >0 with equality iff f=g almost everywhere (a.e.).

MEW]. Let S be the support of f. Then

—DaﬂmwaéfMg§smgLf§=kg/;gkglzu -

FRg bk i B A A e
L I(X3Y) >0 S5 FLACY X, Y R
2. h(X|Y)<h(X) %55 FACY X, YRHIT S,

HRA 5 AR 2 ST T DA BB AM R f ea

EHL 9.14. (Chain rule for differential entropy)

h(X{") = Z h(X|Xi7Y).

F T AR 3 — A E B
h(XT) <) h(X).
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S NERVE . SN, OF i K-k [ RV
X—E R — B S Hadamard A5, Z L[], 25350,

10 wdbids i

fpE 7S (Additive white Gaussian noise, AWGN) FE 3 {5 43, 35 1) 2 —Fh
FigEoEw . (WEmEs) | HIEERMA S MM EES . FEmE,  EE
RN 5 A HL R s 1 — R T A4

PR (5 O — R T AT A PARMR PR 55, SEBRAYMRRS (S A o Be A T A
A A SRR AT IR P . i FAWGNSG S5 T, i, HIERSS
AEERUS,  XHMESARARLE (MuEhdh:.  RMEEBULR S . TAFSEmE) ik
FEVERBRA IR (A (MR EL AT ), — R (BB AR G By A A W ey 52 3 A W f
PRI B R A 2 i s
101 EENTRREE it
AWGN fEiilh— &R0 Y (i) ORZFoR, Hbm i FoRus il m i #ERs]. v 2
Xi (BA)MMEE Z ARUEMN . Hob Z; @S 15255015 (id) O REHLAZ 5k B TI9(E R
0, &N N (W) RYIES .

Yi=X;+Zi, Z;~N(0,N).

B Rl FRTCN,  RAEMRAENIET XA SR 2R . A i IR 209
MR LR, X BRI Tl FIE L. RATA:

Ie= o
H P REGEIRMRENE. FHEEAENIRAR (WA DR 2 5w & 05
s ) AT DAET AT AR

C= max I(X;Y)
f(2):E(X?)<P

EHAY f(x) 2 X o, UXY) mTRAY REARMMEIE. BFENX, ZAHEMS,  BrRA
KATH

I(X;Y)=hY)=h(X+Z|X)=hY)—h(Z|X)=hY)—-hZ).
i h(Z) @5 h(Z) =5 log (2meN).

B E(YH)=E(X+2)?=E(X?+2E(X)E(Z)+ E(Z%) =P+ N, \Zs h3ef1n]
PAMSE] (18 05 22 R i RN IEZS A R 3204

h(Y)g%log(%re(P—i—N)).
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H1 G T ARG 2 TE A B 295N
I(X;Y)§%log(27re(P+N))—%log(QweN)

H I(X5Y) 7 XTN(0,P) Bk, BWSEEER &N

P

~)

AL NN WA R
}%:%pdy<0M::¢F)+%PMY>OME:—VF%:PNZ>v75:1—¢WvP/N)

Hrp @ 2 RPUES KL

10.2 JE&iEIN

E4785 (Compressed sensing) ,  WHHR N ESE R (Compressive sampling) B¢ Fi 5
KFE (Sparse sampling) , 2 —Fh TR ELE RGN BAR . R G EH1 Y H
THF TR E ST, AT R EMH ST E4mE S . XN7EA G
SRR, MR T RSN, 15 RN I L 5 R B AN AR A S £
5o BHEILIREUE — AN TREME IO AR . X—HERPDCEAE T HE, BT
David Donoho. Emmanuel CandésfFIfa¥ 51 TAE, HmIEX PG TKENERE.
VR, T RN EPR RIS AR EE RE (5G) |, R AWK E Y
MIELLFERG 2,  RG T RSP TSI

HE5%:
L ZERLEAY. ORAFE
2. YEELERL RGN

3. compressed sensing sub-Nyquist sampling (Terence Tao)

4. Compressive Sensing Resources
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