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Bochen Liu, Associate Professor
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MA301Theory of Functions of a Real Variable, MA202 Complex Analysis, MA302
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This course is the continuation of the undergraduate course “Theory of Functions of a Real Variable”. It starts
with the definitions of abstract measures, measurable spaces, measurable functions, etc., then it covers abstract
integral theory and Lp spaces. These materials serve as a basis for other related courses, especially Probability|
Theory. The last part of the course bring the students back to R”n, covering some basic topics in Harmonic

Analysis, such as Fourier Transform and the convergence of Fourier series that are useful for Applied Math and|
PDE.

# 25 ¥ Teaching Methods
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The course will be taught in the standard way ( “chalk and board” , in-class discussion, homework, office
hours, closed-book exams). The course is a balanced mix of abstract theories and applications.

#H N Course Contents

Section 1 General Measure Spaces: Their Properties and Construction

Measures and Measurable Sets

Signed Measures: The Hahn and Jordan Decompositions

The Carath6odory Measure Induced by an Outer Measure

The Construction of Outer Measures

The Caratheodory-Hahn Theorem: The Extension of a Premeasure to a Measure

Section 2 Integration Over General Measure Spaces
Measurable Functions

Integration of Nonnegative Measurable Functions

Integration of General Measurable Functions




11.

12.

The Radon-Nikodym Theorem

Section 3 The Construction of Particular Measures

Product Measures: The Theorems of Fubini and Tonelli

Lebesgue Measure on Euclidean Space R"

Cumulative Distribution Functions on R and Lebesgue-Stieltjes integral
Section 4 General L? Spaces: Completeness, Duality, and Weak Convergence

The Completeness of LP(X, 1)

The Riesz Representation Theorem for the Dual of LP(X, 1), 1 < p< o°

The Kantorovitch Representation Theorem for the Dual of Le> (X, 1)

Weak Sequential Compactness in LP(X, p.), 1 <p <o

Weak Sequential Compactness in L1(X, #): The Dunford-Pettis Theorem
Section 5 Some Basics in Harmonic Analysis

The Fourier transform on L! and L?

Riesz-Thorin interpolation theorem and the Fourier transform on LP, 1<p<2

The Marcinkiewicz interpolation theorem

Hardy-Littlewood maximal function and Hardy-Littlewood maximal inequality
Hardy-Littlewood-Sobolev inequality

Trigonometric Fourier Series

Convergence pointwise: Dirichlet - Dini Theorem, Dirichlet-Jordan Theorem for functions of]
bounded variation

Convergence in LP, 1<p< oo

RFEZZ Course Assessment

fEML 40%+H 58 (B 20%+HHER R (HE) 40%
Homework 40%+ Mid-term Exam (closed-book) 20%+Final Exam (closed-book) 40%

FM KL ESEE K Textbook and Supplementary Readings

1. Real Analysis, fourth edition, by Halsey L. Royden and Patrick M. Fitzpatrick, 2010.
2. Topics in Real and Functional Analysis by Gerald Teschl, University of Vienna, 2015 version.
3. Measure and Integral, R. Wheeden and A. Zygmund, 1997.




